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“The issue is not what made Greek
mathematics valid. The question is what made
it felt to be valid, for felt to be valid it certainly
was. So logic collapses back into cognition, in
a sense.”

— Reviel Netz, The Shaping of Deduction (1999)



Areminder: medieval and renaissance starting points

“there are three elements in demonstration:

(1) what is proved, the conclusion—an attribute inhering
essentially in a genus;

(2) the axioms, i.e. axioms which are premisses of
demonstration;

(3) the subject-genus whose attributes, i.e. essential
properties, are revealed by the demonstration.”

Aristotle, Posterior Analytics .7



‘The concentration on the model of demonstration in the
Organon and in Euclid, the one that proceeds via valid deductive
argument from premises that are themselves indemonstrable but
necessary and self-evident, that concentration is liable to
distort the Greek materials already—let alone the
interpretation of Chinese texts.’

— GER Lloyd, ‘The Agora perspective’' (1992), cit. Chemla 2012,
2-3n.



“In geometry everyone has been taught to accept that as
a rule nothing is written without there being a conclusive
demonstration available; so that inexperienced students
make the mistake of accepting what is false, in their desire
to appear to understand it, more often than they make the
mistake of rejecting what is true.”

— Descartes, dedication to the
Meditations, AT 7.5 (trans. Cottingham)

Descartes saw his own “geometrical” argument as
involving six or seven parts: Definitions, postulates,
axioms or common notions, problems, theorems,
demonstrations, and corollaries.
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Superficies plana:tota equalitetiin omnibus fuislineis protenditur. | =~
Abaflignatalinea:quotlibet planas (nperficiesieducere contingit. -~ =~ -
Vnde it vevnius tatum linceallignatiozplanam fupetficiem infinitamiindes

terminatamgg relinquat. PR Jes E il
Interduas lineas/aut plures:vna tantum plana (uperficies confiftit, . .
Dueitagslines:primum rectam lineam definiuntrredduntds finitam,

. Orbicolarium_ . . '

Cuiuflibet orbicularis (ipi
tres aut tectas quidem lx‘nus:au?l:uns fuperficies extendere, Hoc yero
punctum:eius centrum effeneceffee(t. —

¢¢¢¢¢

Contingit a tribus orbicularis (uperficieipunctisiad ide extrinlect uncti:



Gregor Reisch,
Margarita
philosophica, ed.
Oronce Fine
(Basel, 1535).

1464

WAPEENDI

SCILICET IN
Tra&atum,

X.

Caroli Bouilli Samarobrini, Introdutio

- 7 Ifus
Vifibile

Videndimedium
Vifibilis fpecies

Vifualisradius
Speculum
Vifus
Simplex
Compofitus
Redtus
Obliquus
Integer
Fradtus
Vifibile
Lux
Vmbra
Color
Magnitudo

L™
Color

in{cicntiam Perlpetivam,

Extremus
Medius
Extremus
Albedo
Nigredo
ledius
Puniceus
Flauus
Viridis
Purpureus
Magnitudo
Pundtus
Linea
Superficics
C orpus
Speculum
Concauum
Conuexum
Planum

4-/\~‘-
11

Diffinitiones

PERSPLCTIVA 1454

Diffinitiones Communium,

[fus eft perfpectiva poteftas, uifibilia obiecta depre-
hendens: Emnzmunquam uidendiuirtus,nonnun
uam vero vifio, aut uifibilis obiectiad uifum diffy
go, {pecies@y dicitur,
Interpretatio,

Vifibile eft uifus obietum quomodociicy perfeauifiz de.
prehenditur, Qux enim peraccidens , uralterius fimilicadis
ncm,autgnuanonc uidentur, prafent propofito minus con/
gruunt, Corporez enim fubftantiz, fuorum colorum,aurma
gnitudinum fpecies uifibiles fidit: tenebr e uero lucis defeciu,

oculus

Videndi medium, eft diuifibile {patium,per quod uifibilis
obiecti fpecies,ab eo ad uifum deferf, \’I‘ﬁLllls uero{pecies,
elt eius quod uidetur fimilitudo , idipfum uifui reprefentans.,
Vifualis radius, eft linea re®a,qux i centro uifus digrediens,

ad uilibilis rei centrum terminatur , Et hic radiys primus, cx~
teri infiniti funt,

Speculum elt corpus , quod reflexam vifibilis rei {peciem

palam ipfi uilui refert,
Vifoum,

Vifus fimplex, eft reifimplici eius fimilitudine intuitio,
Vifus uero compoficus, qui duplici reflexad fpecie, rem uifi,
bilem deprehendit,
Vifus rect
Obliquu

g

seltcuitrs uifiuus radms,uiﬁbilircicﬁppfdicuhris
- dus tero uilus, elt culus radius wifibilirei non perpen.
Qicylaricer fncidic, 'ilus



Implication #1
of proof as gloss

Proof interchangeable
with practice

OronceFine,
Protomathesis
(Paris: G. Morhii, 1532).

FINEI DEL-
PHINATIS,LIBE~
S RALivmDISCIPLLe
NARYM PROFESSOs
RIF REGI,
PROTOMATHESIS:
. Opus varivm,ac feitu non minus utile
" quam iucundum, nune primum fn
Iucem foeliciter emiffum,
Cuius index uniuerfa«
Iis,in verfa pagina “

continetur ,

)

PARISIIS ANNO |
s '3 3, o v,

Cum gratia & privilegio Chriftianiflimi
Francorum Regis, ad Decennium,

VOSSO WNR

po 7 |
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GCGEOMETR IAE LIB I, FO,70.

diviferis perfatus efufdem quadrari:quotiens ex divifione propofitam indicabial
titudinem. Ve inaflimpro nuper exemplo,duc 20 in 6, confurg®t 12 0: quar diuis
de per 12,& prouenient 10, tot igitur paffum pronunciabis altitudinem G ¥.

QVOoD 51 FILVM perpendiculi ceciderit in punStum C utriusqs lateris in»
sermedinmitunc omnis umbra proprio quatur umbrofo, metienda ftagp folum
oft umbra,& propofita colligetur altitudo,Id autem fic, quotics altitado Solis eft
pracife 45 graduum,Exemplom habes de cadem altitudine G ¥, Sole in X exiften
teicuius radius K L,umbram G 1 ¢idem umbrofo G F, aqualé finire uidetur,Quod
ita geometrico difcurfu manifeffarur . quoniam triangula Acp & F G L funt rurs
fum aquiangula angulus em € A D intrinfeco & oppofito G F L oft equalis,per (u
perius allegatam 29 primi clem€torumBuclidis, item angulus ADC angulo F G L
(n€pe rectus refto)xquatur, & reliquus igitur angulus AC D reliquo F L G ®quas
ligeft,per eandem 32 primiErgo ficut ADad b ¢,ita ¥ G ad G ¢,per 4 fexti carun
dem elementorum, Arqui latus A D fateri D © eft equale:& G F igitur altiudosipfi
umbra G L relpandenter aquatur,

4 SUAVTEMR IDEM Flum inciderit in Tatus € D(cir uidelicet altitudo folaris
maior fuerit 45 gradibus)riic umbra erit umbrolo, fiwe rei altitudine minor:in ea
quippe ratione,quam habent partes filo intercepras ad 12.Sic rucfum in exemplum
cafus fili in piidtum £,& ipla p B partium 6,qualium C D lazus eft 12, fidgumbra
G N radio folari M N terminata,ca auee exiftat § pafluum : quonfam igitut 6 ad 12
fubduplam uidentur habere rationem,codem modo umbra G N dimidium erit als
titudinis G F.Hoc autem in hunc modi demonftracur.Duo nang; triangula A DE
& ¥ g N funt inuice aequiangulz,quemadmodi per ciratas29,& 32 primi elemés
torum Euclidis propofitiones,deducere haud difficilé eft: 8 angulus A D E angus
10 ¥ G N per quartum poftulacum aqualis. [gitur per 4 fext ciufdem Euclidis, i«
cut E D ad D Aita N G ad G F. Duc iagg per regulam 4. proportionaliom numeris
paffuum ipfius umbra utpote 5,80 12,8 conlurgentem numerum,qui erit 60,par
tire per interceptas partes fateris C D,hoc eft D Emam quoriens ex divifione numes
riss,oblatam indicabir alticudinem & F,quiam experieris effe 10 pafluum, quantam
per umbram eadem altitudine maiorem offendimus,  Nec dillimiliter operabes
vis Jracuncp acciderit umbra,quotgquotue partes alterutrius lateris B caut ¢ D fues

rint ab iplo

filo cOpra=
héfe, Horix
omniix pro
xim3, & ad
uivd fingu
loriz clucis
dation® des
pictam acci

pito figu =

S Mob{eruati «
““Honibus dird

Do umbra
fiso Tuacur
umbrolo,

Dersidirario
Duses pares

De emiraale
tirodine, uel
umbrofo enis
nare,

Probatie geo.
meoica.



.. Lefévre d'Etaples,
Implication #2 of proof as gloss Elementa musicalia

.. . (1st 1496, here 1551)
Proof as humanist invention

(i.e. takes on characteristics
of literary invention:copia > abundance)

M
mum c b proportio. ft ituque tonus in chordd 4 b,qui in epogdod,fefquio Satudqu®

vatione confiftit:collocatus.

€ Tonum tono,& quotquot libuerit:in data chorda fubiungere. 2

) i T sy e | | [ ).

@ sitdata clorda ab: in qua propofitum fit tres confiquentes tomos fubiumgere.
partior per tertiam petition m(ut in preecedenti fallvm ft ) [pacium totius chors
de a bin noucm aquas portiones . ¢ in notn ofluue portionis pono c: itz ut b c,
oltauas illarum nouem partium teneat. manifeflum eft per pracedentem: a b ¢r
¢ beffe tomwm . ¢ per eandem petitionem : partior [pacium ¢ b in nouem wquas
portiones.¢ in termino offuse particule pono d:itz ut db contineat oto eayum
partinm quarum ¢ bnouem continet.per pracedentem c b ad d b fonat tonsm, éft-
qQue iam uni tono,tomus unus [ubinnétus. Ru;Lum [pacium d b confimuli modo im
nouem wquas portiones diduco,gr motzm oftmude feétionis littera e defigno: it ut
¢ b otte earum partism contineat,quarwm d b continet nouem. per precedentenn,
d b ad e brefonat tonwm. [unt igitur in data chordaa btres continue fubisndii tos
oi:fcilicetabc bycbd b,d b e b.quod erat propofitum.¢s boc patto quotquot lubet
Jubiumgere : quam facillimsm eft. Bt [iid fenfu experiri, deprebenderéque cupias,
l'oﬂ pulfiom totius chordea b ficppone bemfpherism chorde 4 b in figno itz ut fos
:dpoﬂnpa refométque particula c b:¢s fenfus iundicio deprebendes foni totius 4 b

‘Gm ¢ b efJe toni interuallum.qudd [i bemifpherium transfers ad notam d: ex
pulfic ¢ b &7 db iterum tomem deprebendas.fed ex totius a b fono ad ferum parti-
culae d b duos tomes, duonimque toworum interuallum perpendet auditus. ¢r boc
padto fenfium iudiciis quotquot woles tomos deprebendendos committeves: ¢y eorum
mixturds tum fudaues fum inconcimnas(quas auditus tmquam offenfis borret re«

GEO.
Eudi.ex Camp.
g tra

@Cum r:((almc.lfupcr:r(i;f?.r(rﬂcn i angules fllgltqllt)d(c o ¢
SRR € T onorum continuatorum:minimos numeros afsignare. 3
$9049]|52458]46656(41472]36864(32765| Quing to. adinuicé
o o B 1 _a r $ |contin. minimina,
656t | 5832 | 5184 | 4608 [ 4096 [Quuror to.adinuice
h l i . k | '; m | | contin.minimi nu.
— - & p— 1 -~  § WP < —




The long view: Mise-en-page and Authorship
Proof as Invention: Copia
Inventing Proof: Acutezza

Conclusion



- “Proclus)Geemetriam,quemadmoduom, ¢ ahias [cientias verta qugdam, &r definita principiabae
S ource: bere,ex quibus ea,que fequentur,demonfirat. quare seceffe eft [eorfiom quidem de principus,feor
- Jum vero deifs , que d principys fluuut pertradiare . & principiorumw nullam reddere rasionem,

autem primcipia confequuntuar,rationibus confirmare.nulla enim [cientia [ia demonfirat pros -
P o CI us, CO mmenta I‘y Zi;a,'nrmf circfxp eaper ft}'e [ibi fadems facit,cum magis enidentia fint, quam que ex ipfis derind+
. twr: & illa quidem per fefe,hac vero deinceps per illa cognofcit . Ita & naturzlis phdofophus d
on th e F I rSt B 00 k Of determinato principio rationes producit,motsom effe ponens;ita & medicus, Cr aliarion fientia-
rim,atq; artium peritus. Quod fi quis principia csom ys 5 que & principys fluortim idem commi-
th e E I ements Jeeat,is totam perturbat cogmitionemSead, conglutinat , qua wullo patlo mter fe conxeniunt. Pri

mwam igitwr principia,deinde ea,qug confequuntur, funt diftinguenda.quod fané Fuclides in vno-

quoque [worwm librorsam obfernanit; quippe qui ante ommemn tra&lationem commimia buius [cien-

tig pricipia exponit:et ipfa in fuppofitiones, [eudiffinitiones,poiulata, et axiomata diuidit. differis

, ue hee onmia inter fe,nec idem eft axioma , & pofiulatum, & fuppofitio, vt Ariftoteles af-

»‘/ xXtoma . ., ferit.Coom enim is,qui andit propofitionem aliquam,flatim [ine dofiore vt veram admittit, e'ne
p certeffimam fidem adbibet,hoc 4 xioma appellatur , vt qua cidem aqualia, Cr mter fe aqualia

S upp os1lt0 - | Jumt.Com vero audions dicente aliquo , eius,quod dicitur ,notionem non babuerit, qua per [e fe fi-
- dem faciat; verum tamen fupponic , & eo veenti affentitur,ea fuppofitio eft,vert& gratia, circw-
lws eisfmodi effe figmram , communi quadam notione nom percepmmys , fed audientes abfque vl-

( f stulatum . - la demonfiratione apprebamus. Cum antem ruvfus ¢ ignotum [it addifcenti,quod dicitur & ta-
o wien eo affentiente affumatsr, tunc id pofiulatum apﬁcllamu, vt omnes reflos angulos aquales ef
(.Prvolcm o . Je.Qua ant? a principys enafchituryea fint vel Pro  vel Theoremata. Problema illud cfl,

Prolegomenon, in:

I I TTLee . ¥ WO quippiam,cium primion ron fit proponitur mueniendum , ac conflruendum.Theorema auté
Federlco Commandlno’ Thecrma, . inz; quippiam m conflitusa iam figura ita effe nel non effe demonfiratur. In bac igitur elementa
Pa I ithri vi mflitwtione Enclidem quis non fiommopere admiretur propter ardinem , ¢ cleé ionem eorum,

E u CI I d IS E I ementorum I I b rl XV' zu per elementa difiribut, dnormm{a:qnpmblcmif non enim ola affumpfit, qua poterat
x T . . icere,fed ea dumtaxat,qus elementari tradere potuit ordine.adbuc autem varios [yllog:/mori

U Nna cum SChOI lis anti q uis modos »firpasit, alios quidem 3 cafis fidem accipientes , alios vero & fignis profeiios , omnes
. neceffarios & certos,atque ad [cientiam accomod.atos.ommes praterea dialeflicas vias, ac ratia
(Pisa, 1572). iz 5 dinidentensin forwacriom inwentiouibus ; diffiientens in effensialibus ratiowibus 3dowonfird

tem vero in progrefsibus, qui a principiys ad quafita funt. denique refoluentem o ys ,quid que
Jitis ad principia fuest regre|fibus, Qum etiam varias conuerfionsom [pecies twm fimplicitem, tum
.-u-pq.f:’m tn hac traciatione intueri licet . qug tota totis conuerti po(fint, que ve tota par-
Cibus, @ contra,Cr que vt partes partibus, Poftremo admir abilem omnuom difpofitionem, antece
dentikg, &r confequentik ording, ac cobarentii, vt nibil prorfius addi, aut detrabi poffe videatwr.

In primo igitur kibro traflat de relkilineis figuris , widalicet de triangulis , ac parallelogram-
mis. Et primen triangwlorum ortus,proprietatef§, tradit , tum inxta angulos, tum iuxta latera;
ipfa mter [e [e comparans. Deinde parallelarsom proprietates interijciens ad parallelogramma
sranfit.eoruma. ortsom declarat. > [ymbtomate. aue i ivfis it desonfirat.voflea trianeilo-




Commandino uses Proclus to clear up Euclid’s authorship too:

* Euclid of Megara NOT the author of the Elements (because too early)

* The proofs belong to Euclid, but as edited by Theon of Alexandria (4th
century):
“suntigitur illae quidem demonstrationes Euclidis, sed eo modo
conscriptae, quo olim Theon Euclidem secutus suis discipulis
explicavit”

— Commandino, Prolegomenon to Euclidis elementa, sig. *5v



Enunciation
classed as
Problema,
theorem,
corollary...
etc.

“Authoritative”
proof

EVCLID. ELEMENT.

Specle,  alia onmibys , wan cion dicimus dation angulsom relilimeson bifarion fecare, [Peciem angnlr,
: quae dara oft, fivificamus , nempe reilineam , vene queramus cifdens nictiodis ctizm cursi-
. Lineuons angulion bifcriam fecare , Cum vero dicimues, Datés duabus rellis lincis inequslibus d ma.
YRS Gork aoquale miveri abftindere,magitudine datac fint maies evinsy & mivs,terminsiaony S in
: . fonition ad magnitudinem referuntir . At ciom dicimses, S quattuor maguitudines proportionles
Droportica fint & permutando proportionales erunt , datwr cadem proportio in quattuor magnitdmbus,
& caon dicimys. Ad datian prnisan oportes datae lincae dequalem veétam limeam ponere , i
Cum vl Eiim poflriae datar . ;um ¢ pafitio varia effe pofie , & confiruiFio variahetir ; darw evinn
e, pratlian vel extrarclem liveam , vel i rella [mes , O i extremitate , vel inter ipfins rermi
Gtio vasiabi 107« itaque cxm dation quadripliciter fiamatir , & expofitio guadrmpliciter fit, <r JMW
¢ dominfiras

. duos etiam » & tres modos complectitir . demenfiratio verointerdion quidem: quse

Demealls gionis propria fint habere inwenconr, ex diffaisionibus medijs ugfivan oftendees; bee e de-

COPRe monfirationis perfectio eft-iterdiom wero ex certis notis arguens;quod diligentér attendere opor

Geomesic® tet, wbique enim geometricae ationes neceffitatem habent ob fuliectam wateriam , o ubique

o b Wero demonfirautibus metbodis perficiuntiar . denique conclufio duplex: effe folet , particnliris,

beut ob sv- C taniseralis . man cton in dare conclufionem fecerimus, wevédeamnr particuleria propofuiffe,

bicctam maad smiuerfelem fravfmus conclufionens . ¥ erian cum bec iez deserminta fine , de ys quacipfis

ralam.  adwecymtur , bresiter diffecrns , nompe quid fit lemma, quid eafiss, quad corollarinm 5 quid

Cidufiody inflantic, quid deductio . lemma el fiowptio proprie in geomesricis ¢t propefitio fide indigens. i

P enim el confrructioue, el i dewonfiretione aliquod fionimes corun:, qce oflenfa vion

fiost , fed ratione indiget , tose i quod frenption oft |, “veluti per fe ambiguen ingidfitone di=

Lemma, . “own effe arbitrati, lewma ipfian appellamus , & pofiulity , & axiomate differens quatenss de~

Qafus.  monflrari potefl,erom il abfque demonfiracione ad aliorson fidem faciendam pev [¢ fienantur.Ca

Jiss autem diffeventes confiructionis niedos , & pofisionis mntationem indicat, nimirian tr.ifpo~

Jitis puonctis , ek lineis , wel phenis , el [olidis , & omnino ipfins narictas circa deferiptivnem

Corolisifi, werfatur ; ac propterea dicirwr cafus ; qudd fit confirictionis ravfPofitio . Corollarivan were dici

tur quidem & de quibufdam problematibus , qualia fiast coroliana Euclidi afcripta  fed proprie

dicitier corollrisam, quindo ex demionfiratis alid thearem.s apparet,quod d mbis propd

Jitsam non eft; & corollarivers obyid wocant ; quod fir tangnam hueriom quoddan azcedens prete

Tatucis.  demonflrationis progofirum . Inflantia were torm orationis mpedit cerfiom , wel confiructiony

el demonfirationi occrens ;" qum tamien non oportet it neram adwittere , [ed remoutre ; O

Dedudtio. oflendere falfam effe . Deductio.antem ef ranfitus ab alio problemate, uel thearoniate ad aliud,

Cubi duplis gno cognito, uel comparato etiam W propofition off , apparet , ut ciom qigcrercrir cubi
s, o, qod boc confegi ‘

< duplicatio tranftuleruns quefitiam 5 widelicer in disarsion meediarim
nuentionems . & deinceps quefierient quo wim pacto datis duisbus vecsis lineis dude wiedidc pro-
portionales imeniantar, 77T T 4 )
PROBLEMA L PROPOSITIO L ..,
 Indaarc&alinea terminata,triangulil zquilateri conftitucre.
' Sitdazggng\uuminmmn. PR
oportetinipA B triangulum equi-
h&mmcdn!ﬁmm:m mun g

Ainternallo autem A B drcu?wde- !
feribatur BCD . & rurfus centroByin .
teruallod; BA deferibatar circulus A - b
CE,&ipnn&oC; in quo circuli fer |-
innicem fecantad A B ducanturre@z,

% trum eft circuli CBD, et ACip -+ N
V50 A BaqualiscrurfusquonidBieirculi € o 0w e
: AE:&&W;&?:BSI}M&‘!A’-M:&W et C A zqualis A Bayera-

A CBipfi A Beftxqualis. quz autem cidé funt zqualia,

. queigituripfaram CA C. Set
. ric sl e rg0G Aiph B ol equis e g CA AB B

————

tum eft in data reda linea terminaa A B ; qued £cifle oportebat,

(Bl B E Rigikes o2 8
tex & funt zquales ; ac propterea triangulom zquilaterum et AB C,& conititu-
TR0 MM EN TR DS,

p' amla , quae ante dicta fint, 7ahoc prisno, problemate contemplari licet . pam problems

2 mifello apparet : mpoiit epn nobis trigmgali ae guilsteri ortioy machinari , < propofitio. Propoliso,
g ?;ﬂﬂbﬁ" mf;‘: ‘9’;:" s datir evan rebia e :m(n,b:.qx 2 querit anpem quo patow ipfs queex dato

s ae elaserign ot . & prsceds guiden datim  fequina tens qugftien, s
eram fexere polis i o vetk Lea teomnta. fieri porelveia ipfa eonflntr

o dearilaserian . negué im won reldi cxiflewe il conflisuetsr , quod exre-
is conflat neque mowerminata ; asgidns chi fierinon posefl y1ifi e yem punEion,

o & quefio
fkat.

PRRIE G ‘""‘";f""a“" poucl -/Fab‘l?-,rwaw Jequitur expofitio. Sit QALATE- prootin,
(Galincaterminaa AR 1

& ides expoftionens dasian fom cxplicare, on e gueiten

determinatio { pportst fndataredia linea wiangulum zquilateriy Deemina

conttitiere ) determinatio autem quoddammodo atrentionis off caifa , attentiores enm ad de-- vio-

sonfirationeas Ros réddit que itiom promictiindo y ukmadmodion expefifia daciliorcs eficit,da-

tiem ante oculos ponendo . poft determimasionem confiruftio [equitiar [ centro quidem altero Gaitruttio.

ro&a lifex-terminosintérnallo autem reliquo circulus defcribatur, rutfusg; centro

quidem reliquo, interuallo autem o/, qiiod‘prins centrum érat,defcribatur circu-

lus , et 4 communi fe&ionis circulorum panctead finez terminos reéta linee du-

antur ] & vides me ad conftrictionem ‘i pofinlaris' s videlices & qiookis prnllo ad quodius

poscien rettam Lineaom ducere . ¢ quonis centro'C ieryallo ciréiafon de fevibere. e Poftlaesc3

e poftulata conflruttionbus, axiomata vero ifmgmﬂwbw weilitatent affertort . dedide /e ,m_‘;_&mb-

quitar desonfiratio , quac ex circuli diffnifione , 5 1o axiomate. Quise édem aequalia G - il

ter fe finie aequalia, concludit tres refas lnjess C'ot A B B C inter f2 offe equales. ndecolls g5

gitir sricagulum A B C aequilaterian e, stquebee of proms conclufio , quac expofitionen con  Condufio

Jequitir; poft banc oft ipfavuiuerfalss , [ In datatgitar reétalinea triangalum zquilate- m’fw

rum conftitatum elt . J fiue enim duplani eiyes ; qride s expofita oft feceris datam,fine bri ‘de“h;’ 5.

plane, fine aliam quanlibet maiorem , vel moren ; dedem con, rulfiones y ¢ demonfirationes gigectalis,

congruent . bis appofiit :ﬁ:madm [ quod feciffe oportebar ) oftendens canclufianem proble Quod fedf-

maticam effe;eremm in theorematibue apponit { quid oftendifle oportebat 1 wamg; ll fa- kﬁ::.’;

Gionem alicuins , bge demonfirationem , & ipeeitlonem dementiznt , Invmo igitur hoc primo gm"’l’““‘
oblemate omia exminare voluimus, ac perfpicna facere . oportet autem illos,qui bec legent, bat

i reliquis cadem querere , G que nam corigh elfiemaitar, quenamire omittantir , ¢ id,quod
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Commandino’s

commentary
(not proof)




Proclus)Gesmetriam, quemadmoduon, & abias [cientias certa qugdam, o7 definita principia bae

. H bere,ex quibus ea,que fequentur,demonfirat. quare seceffe eft [eorfiom quidem de principus,feor

I m pl ICa tl on # 1 Of Jum vevo de yjs , que 4 principyys flunut pertraliare.. & principiorsms nullam reddere rationem,
. qne autem principia confequuntur,rationibus confirmare.nulla enim [cientia fiua demonfirat pros -

CO mMman d iINO ) S cipiayverwm circa ea per [efe [ibi fidem facit,cum magis exidentia fint, quam qus ex ipfis derine

twr: & illa quidem per fefe,hac vero deinceps per illa cognofcit . Ita & naturzlis phdofophus d
u E I . d " determinato principio rationes producit,motxm effe ponens;ita & medicus, ¢ aliarion fcientia-
UcCll rim,atq; artium peritus. Quod fi quis principia csom ys 5 que & principys fluortim idem commi-
Jeeat,is totam perturbat cogmitionemSead, conglutinat , qua wullo patlo mter fe conxeniunt. Pri
mwam igitwr principia,deinde ea,qug confequuntur, funt diftinguenda.quod fané Fuclides in vno-
quoque [worwm librorsam obfernanit; quippe qui ‘;:: ommern tra&lationem commimia buius {;ien-
A tig pricipia exponit:et ipfa in fuppofitiones, feudiffinitiones,popiulata, et axiomata disidit. differiis
Euclid’s proofs become , Lay Ll s A A . gy S s
»‘/ xXtoma . ., ferit.Coom enim is,qui andit propofitionem aliquam,flatim [ine dofiore vt veram admittit, e'ne
p certeffimam fidem adbibet,hoc 4 xioma appellatur , vt qua cidem aqualia, Cr mter fe aqualia

S upp os1lt0 - | Jumt.Com vero audions dicente aliquo , eius,quod dicitur ,notionem non babuerit, qua per [e fe fi-
- dem faciat; verum tamen fupponic , & eo veenti affentitur,ea fuppofitio eft,vert& gratia, circw-
lws eisfmodi effe figmram , communi quadam notione nom percepmmys , fed audientes abfque vl-

( f stulatum . - la demonfiratione apprebamus. Cum antem ruvfus ¢ ignotum [it addifcenti,quod dicitur & ta-
o wien eo affentiente affumatsr, tunc id pofiulatum apﬁcllamu, vt omnes reflos angulos aquales ef
(.Prvolcm o . Je.Qua ant? a principys enafchituryea fint vel Pro  vel Theoremata. Problema illud cfl,
T . Mippiam ,cum primion rion [it proponitur mueniendum , ac confiruendum.Theorema auté

vocCa b u Ia ry Of p rOOf Theerama, . in Z: gnwm m cmfﬂritm iam ﬁguta ita effe nel non effe demonfiratur. In hac igitur elementa
vi mflitutioge Exclidem quis non fmn:gcre admiretur propter ardinem , ¢r cleld ionem eorum,
zu per elementa difiribuit, theoremati,atque problematiis non enim ola affumpfit,qua poterat
icere,fed ea dumtaxat,qus elementari tradere potuit ordine.adbuc autem varios [yllog:/mori
modos »firpasit, alios quidem 3 cafis fidem accipientes , alios vero & fignis profeiios , omnes
neceffarios & certos,atque ad [cientiam accomod.atos.ommes praterea dialeflicas vias, ac ratia
wes ; dinidentems in formarson inuentionibus ; diffinientems in effentialibus rationibus ;demonfird
tem vero in progrefsibus, qui a principiys ad quafita funt. denique refoluentem o ys ,quid que
Jitis ad principia fuest regre|fibus, Qum etiam varias conuerfionsom [pecies twm fimplicitem, tum
.-u-pq.f:’m tn hac traciatione intueri licet . qug tota totis conuerti po(fint, que ve tota par-
Cibus, @ contra,Cr que vt partes partibus, Poftremo admir abilem omnuom difpofitionem, antece
dentikg, &r confequentik ording, ac cobarentii, vt nibil prorfius addi, aut detrabi poffe videatwr.
In primo igitr kibro traflat de relkilineis figuris , vidalicet de triangulis , ac parallelogram-
mis. Et primen triangwlorum ortus,proprietatef§, tradit , tum inxta angulos, tum iuxta latera;
ipfa mter [e e comparans. Deinde parallelarsom proprietates interyjciens ad parallelogramma
sranfit.eoruma. ortsom declarat. > [ymbtomate. aue i ivfis it desonfirat.voflea trianeilo-

canonical ...

... with an authoritative




FEDERICVS COMANDINVS VRBINAS Implication #2 of

Commandino’s “Euclid”

A more focussed style of proof:
Spare, sharp, elegant

... Urbinate sprezzatura? (artful ease,
lightness)
. ...or:acutezza (precision, labour).

A witty courtier of Urbino?

Baldi tells us that Commandino died from
melancholy, due to overwork on
mathematical problems.



Clavius (1574) theorises the Proclean division?
(cf. Fine 1536, Peletier 1557)

B%E PROLEGOMEN 4. BE2

L -

ma, quid Propofitio, & quid Lemma apud
Mathemaricos .

EMONSTRATI O omnis Mathematicoruis dinids

tur ab antiguis [criptoribus in Problema, & T heorema,
Problema wocans eam demonflrationem , gus inbet , ac doces
aliquid confusuere . Vs fiquis coneswr demonfirare , [upra li-
neam veffam finitam poffe iriangulum aguilaterum confiisui ,
appell abitur huinfcemodi demonfirasio problema,queniam do-
cet, qua rasione triangulum aquilaterwm conflisns debeat [u-
prarveftam lineam finitam . Dilium ¢S autem hoc genms de-
monfirationnm Problema ad fimilisudinem problematis Dia-
letfici, Sicut enim apud Dialeflicos problema dicitur qua-
ftioilla, cuins wsraque pars contradiétionis ((ms ipfi loguun~

sy  Yel} vrobabilis .analis hec ef¥ auellios Antorsem dilffin |

'QVID PROBLEMA, Q YID THEORE,




Clavius (1574)
distinguishes:

Theoremata

/problemata
Euclid’s proof
His proofs
scholia

BASEVCLIDGEOMENY
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|libus , de maiore zqualent minoriredtam
| ineam detrahere.
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oporteatq; ex maiore ‘B G, detrahere hned |
zqualém minori A. Adaiterutrum extre- |
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D mor{ inex maiotis B C,nempe ad punétid
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B ) B,ponaruraliqua linea,qua fit B D,zqua-
lis minon A. Deinde centro B, interuallo
autem B D, arculus deferibatur fecans BC,

in E. Dico B £, deradtam efle equalé ipfi A. Quonid B E,
zqualiseft refte 8D, & cidé B D, mqualiseft re@ta A, per
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| igitut datis rectis &e. quod erat faciendum .
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THEOREMA 1. PROPOS. 4
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habebiit; eritd; triangull triangnlo equale;
lac reliqui anguli reliquis angulis ®quales
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The long view: Mise-en-page and Authorship
Proof as Invention: Copia
Inventing Proof: Acutezza

Conclusion



Conclusion

The very idea of proof: what is an axiomatic system or
“doing geometry”?

Account of “Euclid”"—and what counts as geometrical reasoning—
shifts in the sixteenth century. One implication: Descartes can take
“geometrical method” to mean a way of organising a text, and that
axiomatic reasoning becomes what it does for Spinoza, Newton, etc.

More interesting: the earlier lack of consensus on Euclid’s authorship
implies a wider view of geometry—a “copious” view (such that e.g.
“doing geometry” could be chiefly about intuitingenunciations).
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How Mathematical Proofs are
Like Recipes

Fenner Stanley Tanswell

I o JGRESHAM

COLLEGE




Content

* Proofs asrecipes

* Thelanguage of modern
proofs

* Picture proofs

* Lessons for teaching



Image by Engin Akyurt from Pj’g(abay



A proofis a deductive argument: a logically structured
sequence of assertions, beginning from accepted
premises or axioms, and proceeding by established

inference rules to a conclusion, which is the theorem
being proved.






1.Separate the eggs.

2.Beat the yolks with a rotary beater until they are thick and
lemon-colored.

3.Beat the egg whites until they are foamy, add the cream of
tartar, and continue beating until they are dry.

4.Fold the sugar into the egg whites and then fold the yolks
into this mixture.

5.Sift the flour several times and add it.

6.Add the lemon juice and vanilla, pour into a sponge-cake
pan, and bake.

Woman's Institute Library of Cookery,
Vol. 4



Theorem 3.57 (Bolzano-Weierstrass). Every bounded sequence of real numbers
has a convergent subsequence.

Proof. Suppose that (x,) is a bounded sequence of real numbers. Let

M =80p Tn; m = inf 2,.

neN neN Hunter, J. K. (2014)

An Introduction to

and define the closed interval Iy = [m, M]. RDEGI_ Ang/)l/_SfiS- uc
dVvilsS: uallfornia.

Divide Iy = Lo U Ry in half into two closed intervals, where
Lo = [m,(m+ M)/2], Ry = [(m+ M)/2, M]|.

At least one of the intervals Ly, Ry contains infinitely many terms of the sequence,
meaning that x, € Ly or z,, € Ry for infinitely many n € N (even if the terms
themselves are repeated).

Choose I; to be one of the intervals Lg, Ry that contains infinitely many terms
and choose n; € N such that z,, € I,. Divide I = L; U Ry in half into two
closed intervals. One or both of the intervals L1, R; contains infinitely many terms

{'\‘r th SOMMIONTOD (‘hﬁ(’\QD Ir\ + }\D TN {'\F thQD iﬂfDT‘\fﬂ]Q an] (‘]’lﬁﬁQD P . U Q‘I‘lf'h



Theorem 3.57 (Bolzano-Weierstrass). Every bounded sequence of real numbers
has a convergent subsequence.

Proof. that (x,) is a bounded sequence of real numbers.

M = sup z,,, m = 1n£I < Hunter 1. K. (2012)
neN ne .
An Introduction to

anhe closed interval Iy = [m, M]. Real Analysis. UC
Davis: California.

IO = Lo U Ry in half into two closed intervals, where

Lo = [m,(m + M) /2], Ry = [(m+ M) /2, M].

At least one of the intervals Ly, Ry contains infinitely many terms of the sequence,
meaning that x, € Ly or z,, € Ry for infinitely many n € N (even if the terms
themselves are repeated).

1 to be one of the intervals Ly, Ry that contains infinitely many terms
and choose n, € N such that z,, € 11.11 = L, U Ry in half into two
closed intervals. One or both of the intervals L, R; contains infinitely many terms
L TN - EE. U O TIN T SONICTY S - ) S N . )



A corpus linguistics study with
Matthew Inglis
(Loughborough).

Corpus linguistics: use a large
body of texts to study
language usage patterns.




lathematics (since February 1992)

r a specific paper, enter the identifier into the top right search box.

Browse: ArXiv.org/archive/m

o new (most recent mailing, with abstracts)

o recent (last 5 mailings)

o current month's math listings

o specific year/month:

(2022 v || all months v || Go |

Catch-up:
Changes since: |05 v |01 (Jan) v |[2022 v|
Search within the math archive
Article statistics by year:
2022 2021 2020 2019 2018 2017 2016 2015 2014 2013 2012 2011 2010 2009 2008 2007 2006 2005 2004 2003 2002 2001 2000 1999 1998 1997 1996 1995 1994 19¢

, view results [without v | abstracts| Go |

ategories within Mathematics

math.AG - Algebraic Geometry (new, recent, current month)

Algebraic varieties, stacks, sheaves, schemes, moduli spaces, complex geometry, quantum cohomology

math.AT - Algebraic Topology (new, recent, current month)

Homotopy theory, homological algebra, algebraic treatments of manifolds

math.AP - Analysis of PDEs (new, recent, current month)

Existence and uniqueness, boundary conditions, linear and non-linear operators, stability, soliton theory, integrable PDE's, conservation laws, qualitative dynamics
math.CT - Category Theory (new, recent, current month)

Enriched categories, topoi, abelian categories, monoidal categories, homological algebra

math.CA - Classical Analysis and ODEs (new, recent, current month)

Special functions, orthogonal polynomials, harmonic analysis, ODE's, differential relations, calculus of variations, approximations, expansions, asymptotics
math.CO - Combinatorics (new, recent, current month)

Discrete mathematics, graph theory, enumeration, combinatorial optimization, Ramsey theory, combinatorial game theory

math.AC - Commutative Algebra (new, recent, current month)

Commutative rings, modules, ideals, homological algebra, computational aspects, invariant theory, connections to algebraic geometry and combinatorics
math.CV - Complex Variables (new, recent, current month)




Verb Proof-Only Non-Proof

Let 4523 4035 Write
Suppose 944 512 Apply
Note 929 681 Use
Consider 570 314 Call
Assume 556 339 Introduce
Recall 304 265 Construct
Define 272 167 Say

Fix 255 106 Show
Denote 218 145 Check
Observe 213 92 Prove
Choose 199 45 Obtain
Take 178 49 Conclude

TOTAL
FREQUENCY (per million
words)




Number of and percentage of files in the Proof-Only corpus containing the capitalised verb, alongside
other keywords appearing at a roughly similar frequency for reference.

Number of files % of files

Verb Number of files % of files Nearby word

Let
Note
Suppose
Consider
Assume
Recall
Define
Fix
Choose
Denote
Take

Observe

2692
1486
1250
1186
1085
844
712
606
541
538
459
447

82.4%
45.5%
38.3%
36.3%
33.2%
25.8%
21.8%
18.5%
16.6%
16.5%
14.1%
13.7%

then
function
thus

So
bounded
know
simple
action
length
precisely
always

less

2706
1477
1274
1186
1053
843
722
598
553
544
465
455

82.8%
45.2%
39.0%
36.3%
32.2%
25.8%
22.1%
18.3%
16.9%
16.7%
14.2%
13.9%




evaluate ntegrate
factor differentiate S,

subtract number
calculate assign Map study

connect group giveestimcte

compute iterate

ist Set .y COMPIete gdq

multiply 4 . form PAIF find

reverse delete
enumerate



Set the total degree equal to the sum of the bi-degrees.

Form the commutative cube in which the front and back
faces are pullbacks, so that|[...]

Sum the estimates in the previous corollary.

Estimate the difference on the right-hand side of [...] by
the triangle inequality to find [...]



1) Some instructions are used frequently in
proofs.

2) Instructions appear broadly in proofs in
maths papers.

3) Many different instructions are used in
proofs.



. » . . » . 9
Theorem 1 The sum of the first n odd integers, starting from one, is n°.
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The original “proof by picture™ is attributed to Nicomachus of Gerasa, circa 100CE, which is included as
(Nelson, 1993, pg. 71).




Two problems with picture proofs:

1) Pictures aren’t sequences of assertions, so are
not proofs. If we try to extract assertions from
the picture, it is underdetermined what they
should be and what their logical sequence is.

2) A picture can only show a single case, rather
than proving a general theorem.



©The LEGO group.
Set 10129.




© Inter IKEA
Systems B.V.
IKEA Svarta
loft bed
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Theorem 1 The sum of the first n odd integers, starting from one, is n°.
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The original “proof by picture™ is attributed to Nicomachus of Gerasa, circa 100CE, which is included as
(Nelson, 1993, pg. 71).
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Implications for mathematics
education with Keith Weber
of Rutgers University.










Assertions: Is this true? Does each step follow from the
previous ones?

Recipes: What action am | being asked to carry out? Canl |
carry out this step? Do | know how? Does it produce the
right outcome? Does it guarantee the right properties?



If you want students to learn how proofs work,
maybe you should teach them how proofs
"elg &



* Tanswell, F. (forthcoming) "Go Forth and Multiply: On Actions,
Instructions and Imperatives in Mathematical Proofs”

* Tanswell, F., & Inglis, M. (forthcoming) “The Language of Proofs:

A Philosophical Corpus Linguistics Study of Instructions and
Imperatives in Mathematical Texts”

* Sangwin, C., & Tanswell, F. (forthcoming) “Developing new
picture proofs that the sums of the first odd integers are
squares”’, Mathematical Gazette.

* Weber, K., & Tanswell, F. (2022) “Instructions and recipes in
mathematical proofs”. Educational Studies in Mathematics 111,
pp- 73—87.

* Tanswell, F. S. (2017) “Playing with LEGO and Proving
Theorems”, in Cook, R. T. & Bacharach, S. (eds.) LEGO and
Philosophy: Constructing Reality Brick by Brick, Oxford: Wiley
Blackwell, pp. 217-226.



www.FennerTanswell.com
@FennerTanswell
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BREAK

Next Lecture:

Let's Decolonise the History of
Mathematical Proofs!

Professor Agathe Keller



Let’s decolonize the history
of mathematical proofs!

Agathe Keller (Sphere, CNRS-Université Paris Cite)

] Université

Paris Cité



Perhaps most interesting is the Hindus' and Arabs’ | BT i TR [T
self-contradictory concept of mathematics. Both ’" HT"EmHT EHL "I ” H ﬂ "T
worked freely in arithmetic and algebra and yet did | TNOERN TIOIES
not concern themselves at all with the notion of
proof. (...) Both civilizations were on the whole
uncritical, despite the Arabic commentaries on
Euclid. Hence they may have been content to take
mathematics as they found it ...

|
O RICENT T

Mathematical Thought from

Ancient to Modern Times. New
York: Oxford University Press, Morris Kline
1972:198. (1908-1992)




From the end of the 19t" standard history
of mathematical proofs was adopted.

The History of
Mathematical Proof
It contained the definition of what made 7 Ancient Traditions
a true mathematical proof.

The standard model of proof has been
used for all sorts of things that have
nothing to do with mathematics;

It helped in creating a corpus of sources
in which certain texts were accepted as
containing proofs and others not.




Ony trouve une nouvelle preuve de cette
singuliere habitude de I'esprit, en vertu de
laquelle les Arabes, comme les Chinois et
les Hindous, bornaient leurs compositions
scientifiques a I'exposition d'une suite de
regles, qui, une fois posées, devaient se
vérifier par leur applications mémes, sans
besoin de démonstration logique, ni de
connexion entre elles: ce quidonne a ces
nations orientales un caractéere
remarquable de dissemblance, et
j'ajouterai d'infériorité intellectuelle,
comparativement aux Grecs, chez
lesquels toute proposition s'établit par
raisonnement, et engendre des
conséquences logiquement déduites.’

this peculiar habit of mind, following
which the Arabs, as the Chinese and
Hindus, limited their scientific writings
to the statement of a series of rules,
which, once given, ought only to be
verified by their applications, without
requiring any logical demonstration or
connections between them: this gives
those Oriental nations a remarkable
character of dissimilarity, | would even
add of intellectual inferiority,
comparatively to the Greeks, whith
whom any proposition is established by
reasoning and generaltes logically
deduced consequences.

Biot, Jean-Baptiste. « Compte-rendu de: Traité des instruments astronomiques des
Arabes, traduit par JJ Sédillot ». Journal des savants, 1841, 513-20; 602-10; 659-79.
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QUESTIONS axp REMARKS

ON THER

ASTRONOMY or *ue HINDUS.

By JOHN PLAYFAIR, A M

PROFESSOR OF MATHEMATICS, AT EDINBURGH;

WRITTEN sh ofl OCTOBER, 1393

e ———
RESUMING on the invitation given, with so
much liberality, in the Advertisement prefixed
to the second volume of the Asiatic Rescarches, |
have ventured to submit the following queries and
observations to the President and other Members of
the learned Society of Besgal,

I

Are any Books to be found among the

Hindus, which treat professedly of
Geometry ?

I Am led to propose this question by having ob-
served, not only that the whole of the Judian Astro-
nomy is a system constructed with great geomerrical
skill, but that the trigomomerrical rules, given in the
translation from the Sirya Siddhdnta, with which

Mr. Davis

Are any books of Hindu Anrithinetic to
be procured?.

IT should scem, that, if such books exist, they
must contain much curious information, with many
abridgements in the labour of calculating, and the
like, all which may be reasonably expected from.
them, since an arithmetical notation, so perfect as
that of JI=dia, has existed in that country much
longer than in any other; but that, which most of all
seems to deserve the attention of the learned, is the
discovery said to be made of something like Algebra
among the Hindus, such as the expression of number

in general by certain symbols and the idea of negative
quantities: "These certainly cannot be too carefully in-

V.
Would not a Catalogue Raisonne’, con-
faining an enumeration and a short account
of the Sanscrit books on Indian Astrono-

my, be a work highly interesting and
useful ®

John Playfair
(1748-1819)



Henry Thomas Colebrooke
(1765-1837)



Dissertation p. xvii:

On the subject of demonstrations, it is
to be remarked that the Hindu
mathematicians proved propositions
both algebraically and geometrically :
as is particularly noticed by BHASCARA
himself, towards the close of his
Algebra, where he gives both modes of
proof of a remarkable method for the
solution of indeterminate problems,
which involve a factum of two unknown
quantities.




p-271 Colebrooke 1817 Algebra:
The demonstration follows. It is twofold in every case: one
geometrical and the other algebraic.

p-272 Colebrooke 1817 Algebra:
The algebraic demonstration must be exhibited to those who
do not comprehend the geometric one.



Dissertation p. xvii:

On the subject of demonstrations, it is
to be remarked that the Hindu
mathematicians proved propositions
both algebraically and geometrically :
as is particularly noticed by BHASCARA
himself, towards the close of his
Algebra, where he gives both modes of
proof of aremarkable method for the
solution of indeterminate problems,
which involve a factum of two unknown
quantities.

300 BRAHMEGUPTA. Cuarter XIL

pendicular, is the central line: and the double of this is the diameter of the
exterior circle.!

28.* The sums of the products of the sides about both the diagonals
being divided by cach other, multiply the quotients by the sum of the pro-
ducts of opposite sides; the square-roots of the results are the din&.;onals ina
trapezium.®

' Example: An isosceles triangle, the sides of which are thirteen, the base ten, and the perpen-
dicular twelve. .

13 13 Product of the sides 169; divided by twice the perpendicular, gives
Statement: the central line 754.* Cu.

10

Let twice the perpendicular be a chord in a circle, the semidiameter of, which is equal to the
diagonal. Then this proportion is put : If the semidiameter be equal to the diagonal in a circle in
which twice the perpendicular isa chord, what is the semidiameter in one wherein the like chord
is equal to the flank? The result is the semidiameter of the circumscribed circle, provided the
flanks be equal. But, if they be unequal, the céntral line is equal to half the diagonal of an
obloug the sides of which are equal to the base and summit ; or half the diagonal of one, the sides
of which are equal to the flanks. It is alike both ways. . Ib.

For the triangle the demonstration is similar; since here the diagonal is the side. Ib.

* This passage is cited in Baascara’s Lildvati, § 190.

3 Example: A tetragon of which the base is sixty, the summit twenty-five, and‘the sides fifty-

two and thirty-nine.
-

]
Statement: The upper sides about the greater diagonal are 89 and 25; the
62, 39

60

product of which is 975. The lower sides about the same are 60 and 52; and the product 3120.
The sum of both products 4095. The upper sides about the less diagonal are 25 and 52; the
product of which is 1300. The lower sides about the same, 60 and 39; and the product 2340,
The sum of both 3640. Thesec sums divided by each other are 4245 and 3§49, orabridged § and §.
The product of opposite sides 60 and 25 is 1500; and of the two others 52 and 39 is 2028: the
sum of both, 3528. The two foregoing fractions, multiplied by this quantity, make 3969 and
3136; the square-roots of which are 63 and 56, the two diagonals of the trapezium. CHe

This method of finding the diagonals is founded on four oblongs. Ib.

The brief hint of a demonstration here given is explained by GaxNssa on Lilévati, § 191. Two
triangles being assumed, the product of their uprights is one portion of a diagonal, and the pro-

* The wanuscript here exhibits 8 : but is inanifestly corrupt: as is the text of the rule and in part the comment on il,




Clearly the tradition of exposition of
upapatti-s is much older and
Bhaskaracarya and the later
mathematicians and astronomers are
merely following the traditional practice
of providing detailed upapatti-s in their
commentaries to earlier, or their own,
works. The notion of upapattiis
significantly different from the notion of
‘proof’ as understood in the Greek as
well as the modern Western traditions
of mathematics.

Srinivas, M. D. 2008. “Epilogue: Proofs in
Indian Mathematics.” In Ganita-Yukti-Bhasa
(Rationales in Mathematical Astronomy) of
Jyesthadeva, 1:267-310. Springer; Hindustan
Book Agency.

The upapatti s of Indian mathematics, unlike
the western tradition, are not formulated
with reference to a formal axiomatic
deductive system. (...) One often finds the
statement iyam atra vasana, when the
commentator is about to begin to
explain/demonstrate something.
Meaningwise this statement iyam atra
vasana = atropapattih. Both the forms being
equivalent, there is hardly any consideration
for choosing one over the other.

Ramasubramanian, K. 2011. “The Notion of Proof
in Indian Science.” In Scientific Literature in
Sanskrit, edited by Sreeramula Rajeswara Sarma
and Gyula Woijtilla, 1:1-39. Papers of the 13th
World Sanskrit Conference. Dehli: Motilal
Banarsidass.




Brahmagupta Corrected astronomical treatise of

Brahma (Brahmasphutasiddhanta, abreviated as
BSS) 628

BSS.2.2-5 provides a table of sines (jya) with 24
values

BSS.21 provides mathematical procedures to derive
this table, and others



Earliest sine tables in Sanskrit sources date from the 5th
century. The sine has a geometrical and a numerical
component.

Whole chord of double arc arrow
Jjya, jiva sara, isu

%/o 0

T

arc
capa, dhanus

T

b o)

o \Fﬂﬁ'
@;aﬁsa "

Sine of an arc
«half-chord»
ardhajya, jyardha
Jya, jiva

Trigonometrical circle prescribedin a

7th century commentary. Mss KUOML
Bow-field dhanuh-ksetra 18063




BSS.2.2-5 provides a table of sines (jya) with 24
values.

B5S5.21.19-21 provides numerical rules to compute 3
initial sines (which correspond to sin30°, sin45°,
sin60°) knowing the radius of the circle

B5S5.21.20-22 provides numerical rules to derive all
other sines.



BSS.2.2-5 provides a table of sines (jya) with 24
values.

BSS.21.19-21
2 ways to compute sin30°, sin45°, sin60°

BSS.21.20-22
2 ways to compute all the other sines



Brahmagupta in the Corrected astronomical treatise

of Brahma (Brahmasphutasiddhanta, abreviated as
BSS) 628

provides some kind of justification or proof not only
for the values given in his sine table but also for the
general rules to derive 24 sine values.



Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)

Ab.2.15 The distance A EC= BExDE/BA-DE

between the gnomon and the *
base, with <the height of>
the gnomon for multipier,
divided by the difference of
the <heights of the> gnomon

and the base. Its D
computation should be
known indeed as the shadow
of the gnomon <measured>
from its foot.




Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)

BAB.2.15 This computationis A EC= BEXDE/BA-DE

a Rule of Three. How? If from *
the top of the base whichis AF/FD=DE/EC
greter than the gnomon (AF)
the size of the space
between the gnomon and the

base, which is a shadow D
(FD=BE) is obtained, then,
what is obtained with the
gnomon (DE)? The shadow
(EC) is obtained.




Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)

A EC= BExDE/BA-DE
*
bhuja
B D
koti
koti B

bhuja



= = - Was this a proof for
Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)

BAB.2.15 This computationis A EC= BEXDE/BA-DE

a Rule of Three. How? If from *
the top of the base whichis AF/FD=DE/EC
greter than the gnomon (AF)
the size of the space
between the gnomon and the

base, which is a shadow D
(FD=BE) is obtained, then,
what is obtained with the
gnomon (DE)? The shadow
(EC) is obtained.




Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)

Vocabulary concerning reasonings used:

agama/upapatti tradition/proof
pratyayakarana verification
vyakhyana explanation, commentary
pratipad- to explain, to establish

drs- to show, to teach




Prthudhaka's Commentary with explanation
(vasanabhasya) fl. 860

on

Brahmagupta’'s Corrected astronomical treatise of

Brahma (Brahmasphutasiddhanta, abreviated as
BSS) 628
in which he quotes

Aryabhata 499 Aryabhatiya

Bhaskara | 629 Commentary on the Aryabhatiya
(Aryabhatiyabhasya)







Brahmagupta’'s Corrected astronomical treatise of

Brahma (Brahmasphutasiddhanta, abreviated as
BSS) 628

Prthidhaka’s Commentary with explanation | 355915
(vasanabhasya) fl. 860

M=-(15+1/2)

-11

-17

n=8

-20

as the sum of the areas of
rectangles...

Explaining rules concerning
sequences with algorithms
taken from chapters
concerned with
combinatorics or algebra.
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Traveling reasonings

Using diagrams as libraries of reasonings
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Bhaskaral Prthiadhaka

Prthuadhak _
rthudhaka Aryabhata Brahmagupta
Brahmagupta



New reasonings in Kerala

Quotes and wants to prove

Madhava (fl. ca. 1400)

In his commentary on




If with a circumference of three thousand

N ewreasonn i ngs i n Kera Ia nine hundred and and twenty seven

(3927) belongs to a diameter of one

7 . . thousand two hundred and fifty (1250),
Sankara Va rlyar how great is the circumference of a given

(fl.ca. 1540-1556) diameter?

Quotes and wants to prove

Sadh- to establish-the true
result (labdham vastavam)

Madhava (fl. ca. 1400)

If the multiplicands and the divisors
were of one kind, then, after

In his commentary on multiplying [the multiplicands] by

the sum of the multipliers and
dividing by the divisor once, the sum
of the quotients would result.




Conclusion

We have seen reasonings that might not be proofs,
mathematical proofs that were neither algebraical nor
geometrical, but certainly algorithmic...and Sanskrit authors
who used all sorts of reasonings some using different names
for them...and some with no names at all...

The decolonizing of the history of mathematical proofs is possible
only through a collective critical effort.

We have to be aware that standard histories still bear traces of
the colonial, racist and white supremacist contexts in which they
were forged. The good news is that we have ressources to write
other new histories, that are also more stimulating!



Thank you!
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