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Problem 25
R oumontity and it¢ 3 odded. toqether become 16.

What is Hhe quanchity ?

Assume 2 ~ 2 Method of
D - ' Falie
Totol 3 posckion

As many times as 3 must be multiplicd o 3':“' 16,
SO wamyy bumes imkhm&ipwbsh-&c

= ) 3 ad
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Eqyption fractions

g A i

Unit fractions :

1 -

"
(reciprocals)

-
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Rhind. papynis, Problem. 3!

~ quontity , tts % 3 ks L

1 F
odded. toqether, become 33,

What is the quantity’

and ks L

[Solbve: x+ 2x + Lx+ Lx =33]

3 2 =

Solution: The total is

] ) . S W e
"' Sb 97 194 388 679 176

which multplied by | % L

3 Makes 33,



Table of Fractions

*/n., $or n=5,7,9,1,-,99,104




Mc.soPo‘cM Mathematics
clay tablets — cuneiform wnking
ploce-value systam based on 60: <, |

<<:|<<: < + ¥ ﬂl
< < ) (60)+ 40
& s © "'l 3 A




W&Ls\'\.i.ws o Stone
I found o stone,but did not weigh ok
ofbter T weighed ouk b tumes ks welght,
odded 2 gun,
ond. added one-thud of one-seventh

maltiplied by 24,
" uc.'usko.& tt: | ma-no.
What wes the ongquaal weight of the stone?

[Toblet had 22such problams : | ma-na = 60gin ]
Soluton :

(b + 2) «+ %‘ .'?.14 (ex+2) = 60 qin
~ t
SO0 X = 4'/3 qin.

h‘

Check : 28 « Js.,l_;.u.zs = 28432 = 60.



Solving o 'Quadratic Equation’

L have subtracted the sude of my squore
from the orea: 1L, 30,

You write down 1, the coefficient.

You breok off helf of 1. 0;30 and 0;30
you multiply. Youw add O;15 40 14,30,
Result 14,30; V5, This is the squore of 29;30,
You 0.dd ©; 30, which you multiplied 4o 29; 30.

Result: 30, He side of the square,

x?*-x =870:

| - Tll' - (1;)":% -’870-';-*1"'["'30.

X -bx=zc¢:
b= 3= (Y~ (&)ee» [(EFec
W ol
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The j:gma.ni'tkz tgibum

The Lqibum exceeds the Gum by 7.
What are the Lgum and the tgibum? :::::.
Holve 7, and the result is 3; 30.

Multiply 3,30 with 3,30, and wegek 12;15,
Add 1,0, the product, and weqek 1,12; 15,
Whet is the squareroot of 1,12,157  8;30

Lasy down 8;30 and 8;30 and subtract 3;30

from. one and add it to the other,
One is 12 (the tgibum), the other 5 (¥ iqum),

a

~
b,

S| ™\ —
s

s

1
2,4z [(35)+6023%=12es, -
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EVCLIDIS MEGAREN
Sl CLARIESTMI PHILOFOPHL MATHEMATICORVM
Fx&r:hdl:i.- primum cx Campano, deindeex Thecane grace come
mentatote, interprere Baccholomae Hambate Yeace,
Geometniconsm clementosum liber primus,

Bx Campana:aniples prindplor of ponu
Frimuim  Dufluisibonic.

) Vodus o, mivs pasoonddl.  « Linea, <t
% longitude fine laadine. 5 Coius quidem
U coremiicanes, font dsopunfa. 4 Linca e
: -;5""":| @ta, eltab une pundlo ad allam brcaillima cx:
i tenfio, in exteemitates faas cos tecipicns.
o ¢ Supetficics.clt qm:l-vng'mdinm B lavitu
s disemn ntum babet. ¢ Luios quidem ters
A el o, fune hine. 7 Superfiocs plana, et ab
una linea ad aliam beeuilfima cxtenfio, in extromitates luas cas ccapiens,
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Ll Sl ] T¥ ST
# Angalus planus, dfl duarum lincarum abemnus consadlus, quatan
e eft iem , applicvodp non diedla. 9 Cuando
ml“'ﬁﬂ @Wm&wmmfmesw qnguhim?;m.
1o Quando redtalinea faper retam Neserie, duodr anguli urrobigs fue
rint xqaales, coram userque rectus eon, hincadp Wnex faperltans,i cai fie
perllas, perpendicalaris uocitar.* . Angulus acra quireflo maior oft,
obufusdicite. & Anagulusucro minot redto acutus appdlatar.
sapleplony  ielaon  Aspdacbigne o sestst b obufa vipepesdc ¢ bl
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u Terminus,elt it Foui Baisclk. 4 Fisuu,::ﬂ*.: et
mimo ael terminis :‘:ﬁmun " Efmﬂm.tﬂ figura plana una quis
deas linea contenta que circiiforentia nominator.in cows medio panclis
oft, d quo omues lines et ad decanfescnciam cxeantes, ibiinicem

Euclid

(c.300 BC)




Eucl.l.d. Book II

_

b, l
&(b.‘.bg"’bt) 2 “bl*"bl." ﬂ.b'

(as+b) = a4+ b* ¢+ 24b



How old was Dwphontus?

Diophontus spent '/ of his Life un
childhood, /12 in youth, and '/7 more
os o bachelor,

Five yeors after his morriage there was
o Son who died Four yeors befove his father
ok '/2 Wir Father's $unol oqe.

X = Dwpharkus's age :

(..'-!-F.!-x-lr%x‘-rs-tfix-l-lpt x,

(9 2
so x=84 Years
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Problems of Diogku-&us

Solukions in whole numbus or Sractions:
Ax+3y=10: x:2,4z2

Find twe sqpore numbers, the sum
of which s & cubiec number :

25 #1000 = 128
Fund o.riskb-onshal.'brin.ush such
thet its penneber is o square, whille
(ks perimeter added to its area qives
o cube.

1024 , 2150SS , 30921313
219 L7089 §7089
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AIE A

% % : 246 questions

E AE AP with answers
(but wo 'worltma')

Opening of Chapter |

aqriculbure, business, Surveyung, etc
e colalation of oreas and volumes
¢+ coleulokion of squore fcube roots
. study of right-angled trangles

¢ sumultoneowns cq,ukions



E_ problem uavolning grein

Three types of groin: A,B and C.

3 bundles of A, 268 B, 16§ C 3 39 pcasures ;
2 bundles of A, 3088, 16£C = 3 mensures;
| bundle o A, 20f B, 30f C 2 26 measuses.

How mony measures ﬁumbua&hdccd.hapc,
B T

M 3A+28+1C =39 ! n m (n)
M 2A+38+1C 234 n m n (%)
3) IA+28+3C =26 L1 ! (c)
=T s =7TW

| 2 3 N il

2 3 a2 (3) (2

3 ' [

26 34 139

= . 8 36C 299 cz 2%,
‘ e E * Sg+sCz246 — 2 LY

% 1 1 ’ Bz 4

99 24 3q 3IN+28+C339 Az 9



The Chiunese Remainder Theo

el

SunZt (250 AD) tn Sunzt ’“"‘l“‘ﬂ
(Mastar Sun’s mothovetical monunal).

We have things of which wedo not knows the number,
1¢ We count tham by 33, the remainder is 2.
T§ we count Ham by S5, the remainder is 3 .
I$ e count thane by Vs ,4he remeinder is 2 .
Houhuaﬂiaalmﬂ\nt?
NZ 2(wmed3) S 3(medS) E 2(mod7)

The onswer s 23.




Bkuh@m (IIOOR'D) ‘Pell’s qudm

Tell me, O mothematician, what is that
Square which multiplicd by $ becomes —
togqether ui&km&s-u&m?

8x*+ 1=y
Solutions : xz1,yz3 or xz6,yz17.

Wnte: 2 4 x
! —_— 3
add:2%zb6, yz1v
> L *

(3 —Is } add: %238, 4z 99
6><l"l—l1 .

In gu\.u-d., solve Cu‘«bltg‘:
C=267: 67:¢‘+|=51
Selution: %X 25967, y: 48842




ol=-Khwarizmt (c.82SAD)



Muhammod ibn Musa al-Khwertzmi

* Avithmetc text
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‘Dixit A l.gorism.i.'




So wo
Lvi
i
q Q
wodroktic
Equations
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1
+H
P
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F
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x
, O
:"l.
= b
x
+
c

x‘l
+ 10x
= 39

x* &
10 %
= 39

(x
>
23+ 2%
‘t

so
X
$S=¢%
x
S
3
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ol- Khwarizmi’s ‘Algebra’




Owmayr Kk’“"ﬂ‘:‘“ﬁ (c. n00O)

Equakions wn general :
rooks, squares, cubes,

Squore Squoves, Squowve cubes, -

R solid cube plus squores plus edqes
equel o oo number (x*+ax*+ bx = ¢)

Alse: x> +bxzc, 5 =z bx e d, - [1tginalt)

x’rex = d




Fibonocect (Leonardo of Pisa)

Liber abact (1202)

Book of squares

Hnda - Arabic numerals




‘Liber Aboci’ - three problems

* Theve is atree, § and L of which Llie
below ground; 21 palmi, How tall is the tree!
Guess 12, giving 344 =7 (instead of 21):
Scole up to give 312 3 36.

* TI5 1 buy 3 sparrows Jor o penny,
turtle -doves 2 for o penny, and doves for

two pence - and spund 30 pence for 30 buds,
how many of each hind do T buy?

e T§ o Llion coks o sheep n b howrs,

o leopard eats it in S hours,
and o beay eoks & in 6 hours,
how long would they all take together?



Luca Paciolt




ROBERT RECORDE,

THE EMINENT MATHEMATICIAN 3
WHO WAS BORN AT TENBY. cimes 1510,
‘:

TO HIS CENIUS WE OWE THE
iMPORTANT ENGLISH TREATISES ON
ALCEBRA, ARITHMETIC, ASTRONOMY, e GE
HE ALSO INVENTED THE SioN OF

EQUALITY = MOW UNIVERSALLY w

8y THE CIVILIZED WoRLD.

. 4 2 AR .
ROBERT RECORDE
m m " .-_'-_‘t.h.-..--l:';:._' L A s _

et o gl e




"Thew tﬂtnm’

saapile) f'& A
‘ e ey
B _nlulm
Ihm -q:zﬂ W‘Fkﬁ _
Aime “r d-,‘r L N
Dulle thinges and barde it wi f » -
.afld'-l uh-ﬁapr,u nghgvn' M
“,rkimm o
H“ﬁ‘- ‘-ﬂ "a ’ : 2 ')
7 ey . &
grounde of artes dud brede thai flone
Hl'l'ﬁ' greate ond maoare then ome,

}3: E’mm Wittes to Wwheste, f
oc e tberby fhall yos pette. AT
Dalic wittes bereby doe gre -f-&, 4 e

s&apmnnmﬁuiuriwﬁﬂ £ e

No® prane,and praife cs you doc finde, 2y

And ts yoar fe hﬂtnbl&

T hete ﬁummnhnrm,a .
the W clie boose of Poules, _.-o- -

by 3%on Bpnglone, - -



The Arte

astheir twerk:s doecrtend: ) to dilfine it oncly intg
tinao partes. T bercolthe Brlt: 1e, when sne momber g
cimﬂr‘mrﬂ sneotber. AN tHC (-00010C 15, Wwhen sne nom:
ber is compaced as equalle yuto. > other nombers,
Alwaies willyng pau to cemicber, that pou reduce
ut nombers , to thewrlcalts scnominations, and
lefte fomes, befoze Pou poceds any farther.
Anb agamn,if puucr.gmlu be foche, that the grea-
tefte benomination (ofiike, be isined to anp parte of 3
compounde nomber , pou fhall tourne it fo , that the
nomber of the greatete figne alone , maie ftandc as
equallc to the vefle.
And this 1s all that neadeth to be taughte , concer:
npng this wooie.
olwbeit,fo; cafic alteratis of eqastions. § Wwill §
pounde a feioe evdples, bicaule the crrramignp
1 aie the moe aptly bee nzonghte

i i EDCIrion ¢ [ ] :IE,EF
gualic te : 3 ivill fette as 3 toe often in Wwooke ble,a
paire of pacalleles,0; Gemotwe lines of one lengthe,
thus: ===, bitaule noe.2. thynges,can be moare
qualie. Andnoiv marke thelc nomberg. :

14,52 I fm———7 14,
20028 . 18,4 1024,
26.F~—T—10%¢ === 3—1I 0% ——2134,
195 —+—192.9 1of—t—IcB§—193g,
185 — 2 4o B30 —— 2504
345 ——I12% ~==4 0% —}—480§— 9.3

n the firfc there appeareth. 2 . mombers f-?-m‘ _
=E-'




Cubic equakions

A cube + squares + edges z o number
x3 +oaxt4bxz=c
A cube + things = numbers
x3 +ex=d
Cubes + squaves = Mambers
ax?+bxtzd
Scipione del Fervo
Antonio Flore
Niccolo Tartaglia } x*+bx*=d
Gerolamo Cavdano
Rofael Bombelll

} x}sexesd



Fior’s chaﬂenge 53 Tartaglia (1535)

1; Find me a number such that when its cube

[x*s x=6]

15. A man sells a sapphire for 500 ducats,

root is added to it, the result is 6.

making a profit of the cube root of his capital.
How much is the profit? 3
[x*4+ 3% =500]

E. A tree, 12 braccia high, was broken into two

parts at such a point that the height of the part

that was left standing was the cube root of the

length of the part that was cut away. What was

the height of the part left standing?

[x3sxz12]

3'2. There are two bodies of 20 triangular faces
whose corporeal areas together make 700
braccia and the area of the smaller is the cube
root of the larger. What is the smaller area?

[x3s x 2 900]
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... to enable me to remember the method
in any unforeseen circumstance,

| have arranged it as a verse in rhyme ...

When the cube and the thing together

Are equal to some discrete number,

3
X’ +cx=d
Find two other numbers differing in this one.

wu~-vs=d
Then you will keep this as a habit

That their product shall always be equal
Exactly to the cube of a third of the things.
3
uv = (c/3)

The remainder then as a general rule
Of their cube roots subtracted

Will be equal to this principal thing.

S M (7



SoLvLus o cubic g_q_m-tlon

x> + bx = 20

Find wand v sothat

W=V =220 and wy = (6’3)3 = 8,

Since V= w=20, we have
wy = wlu=20) = u?-20u = 8.
Solving this quadrakic equation :
W= Jiog + 0.

Se vV = w-20 = Jiog - 10.

Se . 3
x = Ju - Vv

2z 3(Jfiss +10) ~ 3/(fio% ~10)

= 2.






Covdano’s Oath

To Torteqlio:
1 swear to you, by Ged's holy Gospels,
ond. as o true man of henour, not only
never to publish yowr discoveries,
L$ wou teach me tham, but T alse
promise yow, and 1 ph&stug{dﬂ»
os o true Christian, £o note tham down
Un code, sothet after my death,
no-ont will be able teo undersboand them .




('J‘-"-I-b)l = (o« 25)11 rqx *-C"*S)
For RHS o squat we need:

Ce «-‘7-5)(" ﬂ-_-;) - q,"/lt [ enes
) 2 v ol e * (?t‘-wl&) =0
(@) Prhen reducesr Yo hue qued vaXes,
e.a X" = x & 2
=T /‘//f;-';f; = "ﬁ%& e
=R ER =
R/ =/ o




Cardano's problem

Divide 10 nto two parts
whose product s 4O,

I§ the porks ove x ond 10~
than X (10-x)z= 40O,
Cordano: X3 54y=1S or S~J-15

‘Nevertheless we will opunte, putking
aside the murdal tovtures Uwolved..

% (10-%) = (S +y=15 ) (5=y=15)

= 28 - (-15) = 4O,



ﬁ
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Bombelli and Complex numbers

R SRy gy ———

x? = 1Sx+ L.

Solutions: 4, ~-24V3, -2-/3
Cardono's method yields

xz Y2+ s1) = V(-244=721)
furst appearance of complex numbers

Bombellt coleulobked thet :

(247712 = 24572y

(2-9=1) = 2-/=2).

So 3 (241 )~ (~24y=1) = L.
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quodretic in y?
SU% Ys = theee 35

Quartic: X*+nx*spxsq=o0
$UE T e

con be redmced to

l_l_;_gt_q'a‘. l&nq'-" - ©

2
Cubie in y , three ys = twelve xs
- Sowr difforand x 8

Y



x3+0x*+bxes c=0

solutions p,q,r

x?+ax*+bxsc =z (x-p)(x-q)(x-vr)

C==pqr, bz pqeprs v,
2=(peqer)

Fhrum&tihclbh&ﬁm;-iuudumgc

PQ+2r: pra2q qr+2p (3values)
P+*2q+Sr: po dr+Sq, - (6 values)
(always divides 6)

(P=-q)(q-r)(r-p) (2values)



Pacle Ruffini

(19765-1822)

The algebvaic solution

Behold o veny umportant theorem
which T beliave I am able 4o assert --.
to present the proof of it is the main
reason Sor publishing this volume ...



(1802~-1829)

proved umpossibility

Evariste Galols

(1sn-1832)




Galois to Chevalier, 29 Mag 1832
-l e Vgl ¢ e T )

=

My dear friend,

| have done several new things in analysis.
Some concern the theory of equations;

others, integral functions.

In the theory of equations | have found

#

out in which cases the eguations are
solvable by radicals, which has given me

the occasion to deepen the theory and to
describe all the transformations admitted
by an equation, even when it is not

solvable by radicals.

You will publicly beg Jacobi or Gauss to
give their oEinion not of the truth but of the

_importance of the theorems.
After this, there will, | hope, be people

who will find it to their advantage to

decipher all this mess.
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Five bells : PL&&E__@_ Doubles

B N Ty By T iy el iy

14523 12435
C* 15432 14253 Ir

B' 15342 13254 A
13524 12345




Symmetries of a Cube

24 rototions
24 ‘indireck’ symmetries
(reflection + rotation)




6 edqge rotns
Total : 24

24 rototions
24 ‘indirect’ symmetries
(reflection + rotation)




Rotations of o Dodecahedyon
(= [

60 rotations



Abstract Growps

Toke o set G of elements,

and o rule for combining them (%)

For a qroup, we have:

(1) Closure : if o and bove n G,

thon so s anb,

(2) Associakwity: if a,b, c are G,
then (axb)%c = a * (brc)

(3) Tdentity : there is an element €

such thet aseze+aza foralla.

() Tnverses @ $or cach a in G, thare is
on Uwerse o' swchthak a2 a”' = €,

[(s) Abelian : if & and b are in G,

: than o%b = baa. |



Remembering the group axioms

O T S e oty

C Losure
A ssoclatwve
T nverses

N eutrol element

not vu.:.t.ssu:\.lg ABEL Lan

P -
* permutakions of 4 bells
* Symmebnes of a cube
o rotakuns of o dodecahedron
° oddition of th¢3t.rs

* multiplying positive real numbers



E‘ﬂ clic Growps

rotatwns of o
C,, squore '!:krousk
0,1,2,3 right mslu:

'*3=°‘ 342 - " oo
(orcthmetic ‘mod &')

!"O‘tﬁ.‘bl'ﬂﬂ of o
pentagon tough
ol'; 1.3‘4 M':

24320, 344322 -
Classificokion theorem : Eveny abelian
qrowp is obtained bg Combm;»\s

r.g:.l-ic qroups .



S wmple groups

buil.&ins blocks’ for qroups wn
general
. qrowups that ‘contoin no other
qroups tnside them’ = they have
9
ne proper normal tu.bsnupt

e C "
Yelie qroups with o prime number
of elamuents :
$: c’a c‘l; Cl.l s
rototions of o dodecahedron (A,)
s

A, (n3S): even permuctations of
{“1‘ e u}

* qro ‘e
3 ups of ‘Lic type’ (relabed & matrices)
6 ° !
. sporedic qroups’
onster ' Lons
. group : rotakions in 196883 - dimensional space |



