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CATASTROPHE THEORY

INTRODUCTION

Catastrophe theory is a new mathematical methed for describing the
avolutlon of forrms in nature. [t was created by Rena Thom who wrote a
revolutionary book "Structural stability and merphogenesis" in 1972
axpanding the philoscphy benind the ideas, [t is particularly applicable
where gradually changing forces produce sudden effects, We often call such
effects catastrophes, because our intuition about the underlying continuity of
the forces makes the very discontinuity of tha effects so unexpected, and
this has given rise to the marme. The thecry depends upon Some néw and
deap theorems in the geometry of many dimensions, which classify the way
that discontinuities can gccur in terms of a few archetypal forms; Thom

calls thase forms the elementary catastrophes. The remarkable thing

about the results is that, although the proofs are sconisticated, the
elementary catastrophes themsalves are both surprising and relatlvely easy
to understand, and can be profitably used by scientists who are not expert
mathematicians.

In physics many classical examplas can now be seen to be gpecial
cases of low dimensional catastrophes, and as a result the higher dimensional
catastrophes are beginning to suggest new aexpariments and offer understanding
of maore compllcated phenomena, Howewver in the long run the mMore
spectacular applications may well ba in bislegy, providing medels for the
developing embryo, for evolution and benaviour, Much of Thom's book
concerns emaryology. Models in psychology and sociology SuUggest new
insignt into the complexity of human emotions and human relationsnips, and
offer mnew designs for experiments,

This articla la in thres ﬂlll'l‘.ﬂ. In tha flrst part we introduce the

reader gently into the ideas by describing some simple applications to

Pubfished lin a shontfemed foam) in the Scientiflc Amerdican, April 1974,
Volume 134, part 4, pages 65-13,

E. C. Zsarman, Catastrophe Theory: Selected Papars, 1872-1977. Fublished by Addison-¥asley Publishing Comgany
Ine. Advanced Book Pregram, Resding, Massachusstts, 01867, All righta retarved, Papar reprinted by permimion of
ariginal copyright owner,




2 1. Catastrophs Theory

slasticity, aggression, emotions, war and aconomics; tha objective (s to
lead uwp to a precisa mathermatical statement of one of the classification
theorems, together with Thom's llst of the T alementary catastrophas having
4 control space of dimension less than or egual to 4, [n the second part
wa go more deeply Into one particular application, namely a medel for tha
nervous disorder anorexia nervcsa, In order to (llustrate the profundity and
gualitative powar of the rew language In tha human sclerces. [n the third
part we salect some familiar examples from classical physics; In ordar to
Mustrate the generality and guantitative power of the naw language in tha

physical sclences, -
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PART ONE
1. THE CUSP-CATASTROPHE

" The first slamentary catastrophs s tha fold-catastrophe but that (s

tco simple to ses what 1S going on, and 2o we shall start with the next one,

tha cusp-catastrophe, which contains manmy subtletiea, The cusp—catastropha

s the A-dimensional graph [llustrated ln Flgurs 4, But let us spproach
it by first conasldering the simpler 3-dimesnslonal graph shown in Flgurs 1,

wrich lllustrates how proflt x depends upon lncome & and costs 8, by means L

1 T

of tha simple formula, = = a = 8, .

proflt, =

gain

losa

costa, 8 lncome &

Figure 1. Tha graph of profit gs a fimation of tncome and coota.

Hare we represent a,f by axes In the norizontal plame C, and x by the
vertical axis, and sinca the formula (s [lnear the graph is a sloping plane
in 3=dimensiona. In particular :

an increase In income causes an lncrease In profit;

an [ncrease (n costs causes a decrease in profily

an (ncrease in both causes no change in preflt
Wa might summarise this situation by saying "lncome and costs ars

conflicting factors influancing proflt™,

Example 1. Aggreszsion.

Mow lat us pick a similar sentence froem psychology. In Konrad

Lorenz's book "On Aggression" he says that rage and fear are conflicting

1. Catastrophe Theory 3




4 1. Catastropha Theary

factors Influsncing aggression. The question s : can we represent this
:lmlla:r santence by a similar graph? To maka tha guestion mora specific

. Mfrst mink of & dog, lll'll:! then later we shall apply it to fish and humans,

A preliminary problem arises : can wa measure tha rage and fear drives
in a dog at any moment? Lorenz suggests that we can, and Figure 2 shows
tllustrations from his book; he proposes that rage can bs measured by how
much tha mouth (s ocpan, and fear by how much tha sars lay back, Sa lat

3= ragaE, 0

<”\<’“‘
T \

fear, 8

Figure 2. Roge and fear can be measured by facial e=pressions
{aftar Komrad Lorensz).

us assume that rage and fear can ba plotted as two horizontal axas,
aand A, Mearmsnile let us alse assuma we can devize soma vertical scale
x representing the resulting behaviour of the dog running from Fflgnt to
flignt, through intermediary benaviour such as growling, neutral and
avaoiding, Wa want to plot tha grapn x as a function of @ and 8, It is trus,
as befora, that

an imcreasa In raga causes an increasa in aggression;

an increass in fear causes a decreass ln lgqm_:km.

But what if we increase both rage and fear togethar? The least llkely

ISBEN 0-201-09014-T, 0-201-09015-5 lpbk.)
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behaviour la for the dog to remain neutral, and tha most llkely bekaviour is
flght or fllgnt, altheugh whilch of the two ha will choosa may Ba unpredictablas,
Theraefore one thing is sure : thera |8 no simple formula ke x = @ - §, and
tha graph cannot look like Figurs 1.

How do wa analyse tha situation? One anawer (5 to look at tha
likallhooda, So let us Imagina a likellhood distribution far the benaviour x
in aach of tha following four cases,

Crivas Most likely benaviour
1 Rage only . - Flght
2 Feaar only Flight
3 Maithar Mautral
4 Both rage and fear Fignt or flight
likalinood

Flight

rnautral
3

4 Flignt Plgnt

Figure 3. L[ikelihood of aggresstve behauviour,

Tha intaresting casa is Case 4, whera the distribution has gons bimaodal,

It should ba possible to design axperiments, in which the threa variables
are monitored by three cbservers for several minutes, and simultaneocusly
fed Into a computer, which could be programmed to draw the curves. ‘From
the curves tha computar could then axtract the JI=-dimensional graph of tha
bahaviour a3 & function of rage and fear., Abowva each polnt (o, 5 of tha
horizontal plane C, represanting given coordinates of rage and fear, Is

marked tha polrt (or polrts) reprasanting the most llkely beraviour,

1. Catastropha Theory S




6 1. Catastrophe Theary

(3]
‘\ “.
neutrals

(1) fignt

avoiding

Figure 4. Tha cusp-carastrophe tllustrating fear ond rage as conflicting
fastors influencing aggression.

What catastropne theory tells us is that if the likellhood distributions look
like Figure 3, tnen tha grapn will look like the cusp-catastropre surface M
pictured In Flgure 4. This follows from the rmain classification thesrem,
whicn we state later. [n our experiment the grapn could then be used for
gquantitative prediction of the dog's benavieur In the subsequent few minutes,
predicting the sudden changes of mood Ln terms of the gradually cnanging

facial expressions.

ISBN 0-201-08014-, 0-201-09015-6 (pbk.)
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Already the graph has soma surprising gualities, so let us analysa
thars,  [F thare I8 rage only, then on the surface M above there (8 a single
point marked (1), representing a fignting frame of mind, becausa the
distribution of Case (1) of Flgure 3 1z unimodal, Similarly with cases [2) .
and (3}. However in the interesting case (4) we obtain two points, rmarked
({4) on e graph above, because the dlstr-thut-inn has gmu. blmodal, Moresver
there la another point, marked (4)*, In between these two, Irdicating the
lela.st+lil-:ulg neutral beravieur. Ons of tha l-aulauna far including Iaust-likhit;r
pointa on the graph, as well as the most-likely, 1s that {t makea tha graph M
Inte a completa smooth -surface; this s ome of the comseguences of the
thearem, (Ancther reascn for including these points i3 that it Is sometimes
useful to mark the threshold between the two modes of bahaviour In the
bimeodal case), But it is important to remember when using the
cusp=catastrophe that gemarally the middle sheet (shown shaded) represants
least=likely benaviour, and only the upper arnd lower sheets represent
most=l1lkaly benaviour,

Tha curve cn the surface whare tha upper and lower sheets fold owver
into the middle sheat is called the fold-curwve, and the projaction of this
down into the norizental plane C i3 called the bifurcation set. Although the
fold curva (5 a smocth curve, tha bm.:.rcatlun set has a sharp point, forming

a cusp, and this is the reason for the name cusp-catastrophe, The cusp

llres form the maln thresholds for sudden behavioural change as we shall
now explain,

The surfacea glves us a new insignt into the dog's aggression mechanism.,
Far, as hiz drives vary over tha horizontal plare C, 50 his mood and
benavicur will follow suit over the surface M above (except for the middle
shaat). More specifically let us sea what happens as his drives follow the
dotted paths in O, Patn P'I! begins with tha dog frightaned, cowering in a
corner say, ln a flaaing frame of mind, with his ears back, If wa Increase
his rage, for example by approaching him too closa and "imwading his
territory", then his mouth will begin to ocpen, but he will remain cowaring
urntil the point D.,I is reached. At that moment he reaches the fold curve
at the edga of the lowar sheet, and so thae stability of his fleeing frame

of mind breaks down, and he will suddenly catastrophically jump up onto

1. Catastrophe Theory 7




1. Catastrophe Theory

the upper sheet Into a fighting frame of mind (irdicated by the double
headed arrow). Consequently he rmay suddenly attack. Comversely suppose
he is in a fighting frame of mind, and we cause him to follow path P by
Increasing his fear in some way, then ne will nevvartheless remain in a
flghting frame of mind until the paint QE is reacned, when he will suddenly
and catastrophically jump down onto the lower sheet into a Meeing frame of
mind, Consequently ne rmay Suddenly retreat. What actually causes these
sudden changes of mind? Why should the mood jump from one surface to
ancther? To answer thase guestions let us digress for a moment to a

simpler mechanical example, and later return to the problem of the dog.

2. THE DOYMAMIC,
Example 2. A catastropha machine .,

To understand how continuous forces can cause catastrephic jumps the
reader is strongly recommended to make and play with the little toy
llustrated in Figure 5a.

The materials nesded are 2 elastic bands, 2 drawing pins, nalf a
matchetick, a piece of cardboard arnd a piece af wood, Taking the unstretched
length of am elastlc bard as cur unit of length, cut owt a cardboard disk of
diameter about 1 unit, Attach the twe elastic bands to a point H near the
edge of the disk - the easiest way to do this is to pierce a small hole at
H, push little locops of the elastie bands hrough the haole, and secure them
by slipping the matchstick through the lecps and pulling tignt, as in
Figure 5b. MNow pin the cantre of tha disk to the piece of wood with drawing
pin A (with the elastic bands on tha top and the matchstick urderneatn), and
make sure that it spins freely, Fix the other drawing pin B into the wood,
S0 that AB is about 2 wnits, and the hook one of the slastic bands over B,
The machine is now ready to go.

Hold the other end of the other elastic band : whers you hold it is
tha cortrol point e, Therefore the control space © Is the surface of the
wood, Meanwhile the state of the machine is the position of the disk, ard
this is measured by tha angle x = BEH. When the control ¢ is mowed

smocthly, the state x will follow suit, exeept that sometimes Instead af

ISEN 0-201-09014-7, 0-201-09015-5 (phk.)
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Figure 4,

fa) A catastrophe maching; (B) how to attach the
elagtie bands; ond (o) a compurer—iraving by

T. Poaton and A.E.R. Woodooek of the diamond-shaped
cLrE.
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moving smoothly It will suddenly jump. Every time (t Jumps mark the
correaspanding contral polnt ¢ with a pencil dot, Soon you will bulld up
sufficient dots to ba able to joln them up ln a concave diamond-shaped

turve with four cusps, as shown in Flgure Sa., The computer—drawing of
this curve in Figure S5c shows It as the envelope of a family of lines (rmoving
the control aleng any one of these lines keeps the disk stationary), The
dlamond=-shaped curve s the bifurcation set, because If ¢ lies ocutsides the
curve there ls a unigue stable equilibrium pasition of the disk, whereas if ¢
lies Inside there are two stable equilibria, If we restrict curselves to
contrel points (n the neighbourhood of the lowest cusp point K, then the
stable equillbria will have small angle x (this s corvenient because we can
then measure x l..l.r:n-g a line, wnereas the full state space is In fact a circle).
Let f dencte the erergy of the elastic bands. Then by Hooke's Law we can
compute f as a function of x, for a fixed control point ¢, Examples of the
graph of f for control points cutside and Inside the diamond are shown in
Figure &,

f
. enargy

(a) (=)

& * B *

Figure 6. Graphs of the energy in the elastic bands for comtrol
points (o) outside end (b) inside the diomemd,

The minima of f determine the stable eguilibria (indicated by a solld circle)
and the maximum of f determines the unstable equilibrium (indicated by an
open circle). Flgure 8 15 aralogous to Flgure 3 with maxima ard minirma
reversed. By the main theorem, the graph of equillbria as a function of ¢
is equivalent to the cusp—catastrophe surface M shown in Figure 4. Tha

upper and lower ghaets represent the stable eguilibria, and the middle

ISEN 0-201-09014-7, 0-201-0%015-6 (pbik.)



ISEN 0-201-08014-7, 0-201-09015-5 (pbk.)

1. Catastrophe Theory

sheat ths urstable acguillbria separating them, The cusp in Flgura 4 (s
axactly the same as the cusp wa have drawn on the wood In Flgurse 5, in
the nelghbourticod of the paint K,

In this exampla It ia esasy to understand the dyramic : by Newton's _
law of motion the.disk rotates s6 as to reduca f, and any oscillations are
swiftly darmped out t::,,rftha friction at the drawing pin. Tharefore x swiltly
sesks a local minimum of f. As the control ls moved slowly, then f
changas slowly, but the dynamic keeps x at the local minimum of f, or In
other words keeps x on the surface M,

Let us now saa what happans (f tha control (s moved slowly from left
to right aleng the dntl:t-:i path P shown in Figure Sa. The sequence of
enargy functions Is shown in Figure 7, The state = starts in the unigua

VAVAWAWASYANAY

Pigure 7. Changes in the emergy graphs ezplaining the jump at Q,.

minimum; rothing happens when a sacond minlmum appears at Q1. The
second minimum eventually becomes deeper, but the state stays in the

first minlmum, held thers stably by tha dymamie, Eventually at Qa the
stability of the first minimum breaks down as it coalesces with the
maximum, and the state has to jump (or more precisaly ls swiftly carried
by the dynamic) into tha second minimum, which has now becoma the unigue
minimum. On the reverse journay the rolas of Qi ard Qi are revarsed i
tha stats stavs In tha right=hnand minimum untll Q1, whers It has to jump
into tha left=narnd minimum again, This is called a hysteresis cycle, and

is IMlustrated in Flgure 8 (which ls just tha front sectlion of Flgure 4). Tha
hysteresis of magnetism |a in fact the same phenamancn happening to all
the littla magnets inside. Returning to the catastrophe machina, sxpariment

1
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= path P

Figure 8. Coing back and forth alomg P produces a
kystarssis eyola.

will confirm that the cusp cpposite K (s simillar, but the other two cusps
are dual cusp-catastrophes, In the sense that the roles of maxima and
minima are reversed : the upper and lower sheets are now unstable, and the
rmigddle shest now represents a narrow pocket of stable equillbria, Tha

difference can be cbserved by exascuting small circles of control arournd each
cusp in turn, '

3. THE MECHANISM OF AGGRESSION,

We mow return to the rage and fear example amd ask what L& the
dynamic? What mechanism can we add to the llkelihood distributions of
Figure 3 that will explain why the dog actively seeks amd adopts the moske
likely frame of mind? The answer lies in the urnderlying neurclogical .
activity of the brain. The brain may be regarded as a number of large
coupled osclllators, each comprising millions of neurons. It is well known
that non=linear oscillators can possess attractors (stable Llimit cycles), ard
that these attractors can typically bifurcate according to the cusp=catastrophe
er highar dimensional catastrophes (See Figure 34), Therefore we ray
£xpect the elementary catastrophes to be typical models of brain activity,
especially of activity In those parts of the braln such as the limbic EyStem
where the organs are more highly interconnected and consequently may tend
to oscillate more as wnole units (as opposed to the neccortex, whose
different parts can osclllate differertly at the same tima, and whose activity
can. therefore be much more cormplicatad),

ISBN 0-201-09014-7, 0-201-09015-5 (pbk.)
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According to Paul MaclLean it {3 in the limble systam that emctions
and moods are gerarated (while the neccortex detsrmines the more
campllcated cholca of behaviour within that mood), Therafore we might
-e:q:e::. catastrophe theory to bn the mathematical language with which to
describa emaotion ard mood; and indeed it la striking that moods terd to |
persist, tend to delay before changlng, and then temd to change suddanily,
all of which qualities are typical of catastrophe models (see for example the
hysteresis of Figure 8). Therefore Lt Is not unrFreaserable to assurme that

Figure 4 is not only & model of the observed behaviour of aggression, but

also a model of the underlylng reural mecranism, Each polnt of the

surface M represents an attractor of some huge dymamical syaterm modelling
the llmble actlvity of the brain, and the jumps occur when the stabillby
of an attractor breaks down, The dynamical system remalns mplicit 0 the
background; the only part that we need 9 make axpliclt for experimental
predictions is the catastrophe model of Figure 4,

Mareover from the point of wview of evolutlon one would axpect this
type of aggression mechanism to ba very old, and therefore situated n a
phylogenetically older part of the brain such as the limbic system.
Consequently we should expect Figure 4 to be applicable not anly to dogs,

but to many species, under widely varying circumstances,

Example 3. Territorial flsn,

Consider for example a territorial species such as somae Gypes of
tropical flsh. IFf we postulata that "size of lrwader and closernass to nest
are confllcting factors influencing aggression”, then the same argument
leads again to the cusp-catastrophe. The resuiting cusp in the contral
space is shown in Figure 9, .Alt.hough. Flgure 9 iz a somewnat simpla
picture, the argument deriving it has used a deep theorem, and we can
deduce several consagquenceas, leading to predictions which could probably
be tested by fairly simple experiments. We might expect the cusp point
ko occur rear {,r' ,:1} where s [s the size of the fish and r, the radius of

1 1
his territory, [f our fish meets a smaller adversary (3 < 51:1 then hea

1. Catastropha Theary
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distance from nest,r

o s, 5. Size of invader,s

Pigure 3. 5iae of invader and clossness to nest are eonfliating
facters influencing the aggesseion of territorial fish,

will chase him away, However if ne meets a larger invader (s > ‘1!} raar
the nest, then he will chase the invader up to cusp line A, where his frame
of mind will then jump from wvalour to discreticn, and he will return to the
nest. Therefore the radlus of the territory, measured by A, should be &
decreasing function of 5. MNow suppose ocur flsh goas foraging and meets a
large adversary far from the mest ; then he will flee home, and only jumg
into a fighting frame of mind and turn to defard the nest when he reaches
line B, Trherefore the nysteresis pheromencn of Figura 8 here predicts
trat radius of the territory as measured by B will be naticeably smallar
that that measured by A. Maoreover If the imvader ls vary large (3 > :2)
then our fisn will continue to flee; ne will naver turn to defend the nast,
which would then be lost, were It not for his rmate, who, If she nas bean
cruising near the nest, will automatieally chase the lmader out to line A,
Therefore the model offers a measurable test of a simple explanation of why
in territorial species the partner who happens to Ba nearer the nest
displays the more vigorous defence, Similarly one could devise many
qualitative emxperiments of thls rature on othar species to test the general
hypothesis that aggression mechanism s stored as a cusp-catastrophe.
However now let us be a llttle mors adventurous and make some ecpllcatlons

af the model to man.

ISEN 0-201-09014-7, 0-201-09016-5 (pbik.)
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Exampla 4, Argiment.

In the flrst application suppose thnat the model (8 describing the
emotional mood of an cpponent In an argumant. The benaviour axis runs
as follows

flght 4 hysteria

abusa
irrational argumant
raticnal discussion
concessions
apologias

“fignt tears
IFf we bagin to make him angry and frightened, then we will flrst deny him

access to rational thought, and force him to jump bebtween lrrational argurient

_ and concessions. [If we make him a little more so, then we will next dery

him access to those benaviour modes, and force nim to make bigger jumpa
between abusa and apology. Flnally if we make him very angry and
frightened, then we will llmit his possible behaviour to only hysterla or
tears, and the wvery verbal usage of the phrase "hysterical tears” (s
conflrmation of the catastrophic jump from one end of the spectrum to the
other, If our purpose (s to p-mua.u!'u him of something that we know will
make nim both angry and frightened, then the best policy (s to state the
case and go away; for then our absence will allow his anger and fear to
subside, and give him access to rational thougnt again, and so enable him
to see our point,

Example 3. Catharsis of self-pity.

In tha second application, we modify the coordinates of rage and faar
ko frustration ard anxiety, to sult the emotlons of modern civilised man, One
af tha Beraviour pattarns of a Meeing frame of mind that we learn to adagt
as children is the mood of self—pity, &And whan a child, or an adult, falls
into a persistant mood of self-pity, It often seems as (f sympathy (s of no
avail, But a sarcastic remark rr;ny suddenly induce a loss of termper,
which In bturn releases the tension, and seems to act as a catharsis for the

mood of self-pity. This ls a falrly common patiern of events, althougn

1. Catastropha Theory 185
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catharsis

~

ﬁ}un 10, Anzigty can couss self-pity. Increcsing frustration
o cause cathareis of self-pity by loses af tempar
mid release of tenaion.
it always seerms a shame that sarcasm should suceed where sympathy has
failed, ewven though tne provert tells us that (t I8 recessary to be cruel
in order to be kind., The model suggests that the pattern may In fact be

just an autornatic byproduct of the evolutionarily useful built=in aggression

meachanlsm,

Exampla &, War,

In the third application we go ewven further, passing from psychology
to soclology, and apply the same model to wnole rations instead of indivicuals,
In place of rage and fear we substitute threat and cost. The beraviour axig
reprasents the war policy of the nmation, running from strong military action,
tnrougn moderate or weak action to neutrality, withdrawal and surrender,
The di.5:r~it;uttuna of Figure 3 will represent the support amongst the
‘population for the various policies, The two modes of case (4) are called
doves and hawks, The dyramic in this example (s the sensitivity of the

government to lts electors, continuously adapting its polley so as to increase

ISBN 0-201-09014-7, 0-201-03015-5 (pbk.}
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-
its support. Tha patn F',I on Figure 4 represents a nation feellng lncreasingly
threatened , but flrst pursuing a policy of appeasermant until It reachas paint

: q1 wren it suddenly declares war, The patn F"2 represants a ration suffering

Increasing costs, but flrst escalating the war, until it reacnes point Q2 whean
It suddenly surrenders. Paths F' and P4 reprasent two nations both
experiancing similar escalating tﬂr‘ll.l: ard cost, but one flnishing up in an
aggressive mood and the other in an appeasing mood, wvery reminiscent of

the Cuban Missile Crisis ln 1982, America followed path P_ to the rignt

of the cusp, bachuse her leadars Flrst felt threatened by meapmaneu of
the missilas, and then lncreasingly appalled by the rising llkelinood of a
rucleéar war, Russia on the other mnand followed path P‘ to the left of the
cusp, because her main feellng of threat came later as the crisis escalated,
The art of diplomacy iz to leave your adversary a clear avenus of retreat
so that he can safely follow PA, while you yourself follow Ps, otherwise if
you overthreaten him too soon, you may forca nim to fallow Pa as weall,
witn disastrous results for both of you.

Admittedly these applications may be gross oversimplifications, but
the wery fact that our minds indulge ln simpilfication, analogy, abstraction
and synthesis rmay in fact reveal that the model is telllng us not so much
about wars, but more about the way ocur minds work. The oscillations of our
Brains can bifurcate according to the elementary catastroghes, and so our
minds autormatically employ the latter for the subconscious organisation of

our thoughts.

4, DIVERGENCE,

Let us re-axamine paths F"a ard P4 im Figure 4 in the context of cur
original application to the dog. Both paths begin at the same point and and
at the sama polmAt ln the control space, C, but induce divergent benaviour.
Following F'a the dog flrst gets angry and then frightened, but parsists in
a Ffgnting frama of mind; comversely following P4 ha experiences tha sama
emctions but in the reverse order, and persists in a fleeing frame of
mird, Therefore although, as we have said, the benaviour in casa (4) is

urpredictanle, if we happen to know the recent past history then [t (s

1. Catastrophe Theory
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predictabla. Usually the psychologist's only defence against unpredictabillty
is statistics, but the use of statistics in ;:u.njum:ttm with a model of this
nature I8 a much stronger weapon.

Motice that the change of behaviour under patns P_ and P was guite

Smooth without any catastrophes involved. Motice -:ls: that h-n.l‘I the plana C
the difference between the two paths may be only very marginal : all that
matters is that tney pass on elther side of the cusp polnt., This phenomencn
af & marginal change of path causing a major change in the behaviour we
call divercence, and it is very common In biclogy and the social sciences,
By contrast physics is generally nor—divergen:, because usually a small
change in the (nitial data causes only a small change In the ensuing maoation,
It has long been a folk-lore that divergent phenomena in the "inexact"
sciences could not be modelled by mathematies:; but it is mow realised Enat
divergence |ls a characteristic property of stable Systems, which can be
both modelled and predicted, and the matural mathematical tool to use is
catastrophe theory,

In fact the cusp=—catastrophe Shows that the five gqualitative features

of bimedality, inaccessibility, sudden jumps, nysteresis and divergence, are

all interrelated (see Figure 11). And the deep claszszification theorem of
catastropne theory (stated below) permits us to erunciate the general principle
that whenever we cbserve one of these Fflve gualities in nature, then we snould
look for the other four, and If we find therm then we should check whnethar

or not the process can be modelled by the cusp=catastrophe. [rdeed our
wvertal usage In ordinary language of pairs of opposites fraguently indicates a
bimodality that nas grown smootnly out of some unimodality, and which

may be modelled by the uppar and lower sheets of a cusp—catastropne
surface. In Table 1 we give an assorted list of pairs, to indicate the

scope of possible applicaticna. In each case a fairly elaborate model can

be developed, but we do not have space to develop them hers, because

each one needs careful analysis of wnat the axes should ba, how they could

be rmeasured, wnat is tne dyramic, and how to design experiments,
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rmp s n s

C:u:truphal

Inacceasible
banaviour
#

Bimeodallty

Hysteresis

narmal
factor,3

splltring
factar, O

Figure 11. Five charactertetic properties of the cusp-catastrophe
are bimodality, tnasesssibility, catcstrophe, hystaresis
and &:'Equm. (Tha wunstable middla shest hag been
removad. )

In some cases the two cortrol factors (or parameters) in C lle on
githar sida of tha cusp, such as @, 8 in Figure 4; in this casa we call

them conflicting factors as in all cur previous examples so far, In other

cases ore of the conmtrol factors is parpenmdicular to tha cusp axis, and tha
other lles along it, such as a,b in Figure 11 (see also Figures 12,17,30,31},
In this case wa call 8 the normal factor, because If ¥ € 0 then x
increases continuously with @, and we call & the splitting factor, because
if &> 0 then M la split Into two sheets, The aguation of the stardardg
cusp-catastrophe surface M illustrated In Figure 11 {with origin taken
at tha point on M abova tha cusp poilnt) is

xa =0 + b,
By diffarentiating and elminating x, ona cbtains the eguation of the cusp :
27a° = 4#3.. To get the standard eguation in terms of conflicting factors
put d s a= A, b=+ B We liiustmtl rormal and splitting factors by

Example 7, wnlch i3 an application in economics.

1. Catastrophe Theory 18
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Exampla 7. Stock markats,

Flrat we observe the bimodallty (n the common usagas of tha terms
"bull market" and "bear market", which are situations that divergs smootnly
from hl'm mora "normal markat". Therefore we snall represent bull and
bear by tha uppar arnd lowar sheats of the cusp-catastrophe [llustratea (R

Figure 12, Mext we verify the presence of catastropnes ; a "crasn" (s a

rate of change of index

EXCESS

cantent

Figura 12, Ezcess demmd it a normal factor, and speculative
content a splitting factor influencing stock market
bahaviour.

sudden jump from bull to bear, This lmmediately prompts the gquestion :
why is this catastrophe more common than the opposite sudden jump from
bear to bull? We shall esxplain the answar in a moment. Flrst consider
what is the berhaviour axis? In a bull markat the indax ls rising, while In

a bear market it is falling, and so0 we choose rate of change of index to

measurea benaviour, What 18 the most likely reason for the index to

1. Catastrophe Theory 21
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rise In a normal market? Normally the main reason ls excess demand

for stock by imvestors, and So we choose excess demard as the normal
factor. Whnat causes an abnormal market? Orne of the main reasons s
probably the speculative content, although this may ba mare difflcult ta
measure; pernaps one might be abls to measure the percentage of the market
held by "chartists" (lrwvestors who bass their Investment policy on charts of
previous performance) as cpposed to "fundamerntalists” (who base their policy
upon ressarch lnto the Industrial health and growth—potential of the firms
irvalwved),

If the excess dermand is zero, but the speculative content high, then
it Is unllkaly that the Index will remain constant; a randem event Ay
spark off & wave of confidence that induces a stable bull market, or
equally a lack of confldence that induces a stable bear market., The main
feature of a stock market (3 (ts centrallsed sensitivity, and this is wnat is
responsible for the rapld dymamic that causes the behawviour to go bimedal,
and follow the surface M shown in Flgure 12,

Wea can row go further and (ntroduce a slow feedback of the lrdex
upon the two controls, representing this by the arrows shown on the
surface, A bull market encourages speculatiocn, but overvaluation causes
fundamentallsts to sell and invest thelr profits elsewhere; tharafore the
arrows on the upper sheet come forward and bend o the left, Cormversely
a2 bear market discourages spaculation, but an undervalued recovering
market presents good opportunities for furdamentalists to reirest;
therefore the arrows on the lower sheet go back and bend to the right.

We can now deduce from the rmodel the characteristle overall stock-market
cycle of growth, boom, recesslon and recovery, Tha anthropologist
Michael Thompson nas shown that similar economic cycles happen, and

ara even planned, amongst primitive New Guirea tribesman,

5. CLASSIFICATION THEQREM.

Wa are now ready to appreciate Thom's classification of elamentary
catastropnes, arnd ko go on to tha higher ores. [n order to keeo things
as understandable as possible we begin by stating a simplified version of
part of the theorem, and then slaborats upon (E.
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Theorem, Let © ba a 2—dimensional control (or parameter) space, let X

be a 1-dimensicnal behaviour (or state) space, and lat F ba & srmooth

ganuri.c:‘ function on X paramaetrised by C, Lat M be tha set of stationary

wvalues af f (given by 2—5 = 0, whara x {8 a coordlnates for X). Then M (=

a armoocth surface in C = X, and the only singularities of the projaction of

M onta C are fold curves and cusp—-catBstrophes.

Remark about singularities. Here a singularity rmeans a point whera ~
a vartical lina touches M., When we say that a singularity of M 13 a
cusp-catastropne we mean that near that point M s equivalent™™ to the
standard surface shown ln Figure 4. Eguivalance preserves all gualltatlive
features such as the foldeurve, the cusp, the blmodality, catastrephes,
hysteresis, divergence and inaccessibility. Therefora what the theoram really

says is that gualitatively Figure 4 is locally the most complicated thing

that can happen to a graph. That ls why the cusp—catastrophe can be used
with such confldance in so many different flelds, whnenever a process Immulves

2 causes and 1 affect,

FRermark about the function f. In the rage and fear axample the

function F ls the llkellhood function on X parametrised by ©, shown in
Figure 3, The statlonary values of f are the maxima and minima,
representing the most-ilkely and least-likely benaviour respectively. In
Exampla @ the function F measured the support for different policies, In
the catastropha machine f was an energy function, with minima represanting
stabla aquilibria, arnd maxima representing unstable equillbria. In

economics f might be a cost function, ln evolution a fitness function, In

Footnotes for tha mathematically mindad ;

* Srmooth means differentiable to all orders,

Genaric means that the map from C to the space of functions on X s
transverse to tha natural stratification. Almeost all smooth functions are
gerneric., Small perturbations of generic functions remain ganeric,

** Eguivalence means there is a diffesmorphism from a neighbournood M

in the givan C x X onto the standard C x X, throwing vectical lines to
vartical lines, and throwing M N N onto the standard surface.

23
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englneering a Lyapumov funcation, in light caustics a gecdesic distance, etc.
In most applications there (s, (n additfon to f, a gradient=like (dissipative)
dynamic that maximises or minlmises f, and is ultimately responsisle for
the sudden jumps. Howewver the dynamic s mot imolved In the statemant of
the theorsm, and so the theorem (s also applicable to phnenomena such as
light caustics (Exarmple 11 below), where there are discontinulties, but no

dissipative dyramic and therefors no sudden temporal jumps.

_Remark about dynamics. In many applications there are dynamics on

M that are not gradient-like, and cornseguently there I8 no function f that
is minimisad. I[n this situation the elermentary catastrophes do not .d'“crlba
all ma pnastbil_l':i.as, because non—elementary catastrophes can goccur, Soma
nor=slemantary catastrophas are known (Such as the Hopf blfurcation) but

as yet the ganeral classiflcation problermn Is unsolved.

Ramark about the dimensicn of X. The theorem remains true, word

for word, If we Increasa tha dimension of the behaviour space X from 1

to m; that is why it is both remariable and difficult to prove. But the
beauty of thila ~esult L that wa ¢an now use the theorem implicitly, In
Situations that would be far too compllicated to measure or put on a
computer, For example we can Implicitly assume X is large enough to
describe the states of a cell in the embryo, with at least 10,000 dimeansions
for representing the concentrations of the varlous chemiecals involved., Or
we could Implicitly assume X is largs encugn to describe the states of

the brain, with at least 10,000,000,000 dimensions for representing the
rates of firing of all neurona. [n physics wa may wish to have X Infinite
dimensional (as in Example 12 balow). But in each case the theorem
explicitly hands us back the same simple surface of Figure 4, upon whicn
to base a model. We feed in implicit complaxity, and get out expllcit
simplicity; all the hard work of digesting the complexity has gone on behind

the scernes In the proof of the theorem,

Remark about the fold catastrophe, [If we reduce the dimension of C

frem 2 to 1, then tha analogous theorem, 1 dimension lower, says that M is
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a smooth curva, and the only singularities are folds, such as the r,-wq. that
gecur in Figure 8, Thus the fold-catastrophe appears in sections of the
cusp—catastropna, and tha latter (s made up of folds together with one new
singularity at the origin. Similarly any hnigner dimensional catastrocpne (s
always made up of lower dimensional onea, tagether with one new singularity

at tha origin,

8, THE SEVEM ELEMENTARY CATASTROPHES.

If wa increase tha dimension of C (n the theorem, then this s guite
a diffearent kattle of fisn. For example suppose © was I=-dimensional and
X was l1-dimensicral. Then C x X would bs 4-dimensional, and M would
be a 3I-dimensional manifold (or hypersurface) In © x X, What (s more,
instead of being folded along curves M would now Be folded along whole
surfaces, and the bifuraction set Instead of consisting of curves with cusp
points in 2—dimensions would now consist of surfaces with cusped edges In
I=-dimansions (see Flgure 13). Maoreover a new type of singular point would
appear, callad the swallowtail-catastropne. It Is impossible to draw the

complete picture far M in the case of the swallowtail because this would
require 4-dimensions, Howewver just as thea geometry of the cusp catastrophe
can ba described by drawing a cusp ln 2-dimensions {and knowing that M is
bimedal over the inside), so alseo we can derive some gesmatric intwition
about the swallowtail by drawing its bifurcation set in 3=dimensions (sae
Figure 13), It I8 callad the swallowtail or dovetail because it looks a bit
like one : the name gueue d'aronde was suggested by the blind French
mathamatician, Barmard Morin,

Mow suppose we keep C J-dimensional and allow X to be n=dimensionai,
n 22, Then two more singular points become possible, the hyperbelie-

umbilic=catastropna and tha elliptic=umbilic=catastraphe , which wa can again

describa geometrically by drawing their bifurcation sets in 3—dimenaions
(sea Flgures 13,27,38), This complates the list of elementary catastrophes
in 3—dimensions, If we now allow C to be d=dimensicnal than we obtain

two new singularities, the butterfly-catastrophe and the parabollc=umbllic=

catastrophe (see Flgures 14,18). Ard so on, until eventually the list

becameza infinite. However the inflnite list ts mora the concarn of the
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(a}

¥
*
L3

o Wl

Figure 1J. Bifurcation sats of (a) the swallowtail, (b) the
hyperbolic wnbilde and (o) the alliptic umbilie
eatastrophes.

mathamatician, whereas hera wa are primarily interested in tha lower
dimensions because they are more relévant to applications. In particular

wa are intarestad in up to 4—dimensions, becauss the parameter space ©
oftan plays the rols of spaca—time. Therefore the 7 elementary catastrophes

up to 4=dimensions hawve all been glven special names, whareas those above

nave not,

Table 2.

Dimension of C 1 2 3 4 5 Y.

M

Lenbar: 1 1 3 2 P U -

catastrophes

MNames fald |cusp swallowtall buttarfly -
hyp. umbillc par. umbille |= Y
all. umbilic -

Mote that (n Table 2 we hawve put each catastrophe in the lowest dimension
wrare (¢t flrst appears, althougn it also appears (n all higher dimensions.,
For example fold points first cccur when G Is dimension 1 (In Figure 8) and
fold curvas also appear wheén C 18 dimenzion 2 (In Flgura 4). Therefore all

T catastrophes appear when C is dimension 4.
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Each of the elementary catastrocphes has a standard model, and in
Table 3 we list some standard formulas for f, from which the stardard
models can be derived. In each case a,b,z,d are parameters for C, and
x,y are variables for X, For the cuspoids M is given by :—:: =0, and for
the umbilles M iz given by %—E = g—; = 0, Ngte that the "standard"” formulae
are by nNo mMeans u'n{q-.m, but are chosen for corvenianca in applicatisms. In
particular the fractions are there only so that they disappear when we
differentiate to get the aguation for M, For (nstanca tha cusp-catastrophe
Is given by g& = xa = a="bhbx =0 (gee Flgure 113}, The minus signs are

thera in order to fit in with the notiens of normal and splitting factors, ete.

1. Caunrgpha Theory 27

Table 3,
dim dim C Function f
13
Cuspoids | Fold 1 1 g* -~ ax
1 4 1, 2
Cusp 1 2 Bt Ehx
1 8 1 2 1 3
Swallowtafl 1 a g - ax - Eﬁx - Fox
18 1. 2 1 3 1. 4
Butterfly i 4 gt T oax E:u-t = Ec_u; = -‘-1'11;.;
3 3
Umbillics | Hyparbolic 2 3 x +y +ax+ by + exy
Elliptic 2 3 X° = P e By oOE + )
Paraballe 2 4 :u:zy + y‘ + ax + by -H:ua + uyi

Eacn catastropne has (ts own individual and surprising geometry, Wa
dr.;- not hawve space to describe them fully here, and the reader (s referred
to Thom's book for more detalls., Tha fold (Figure 8) and cusp (Flgure &)
are easy to understand, and the bifurcation set of the swallowtall and
hyperbolic and elliptic umbillcs are easily visualised (Flgure 13). Howe_var-‘
the two 4—dimensional ones have to be approacned more ocbllguely by
drawing sections. Figure 14 shows sactlons of the bifurcation set of the

parabolic umbille in the (a,b)plane for various fixed values of c,d on the
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unit clrcle in the (c,d)}plane; these sectlons are taken from Fowler's
translation of Thom's book, and based on drawings by Chanciner and
Janich,
Lim Srwn|hwr-unal
" :-:
beak
. Hypeerbalic| (Fersung
Fiqure 14, Sections of the d=-dimensional bifureation set
of ths paradelie umbilie,
o ]
i
i
-
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7. THE BUTTERFLY CATASTROPHE

Firally we come to the butterfly, which deserves more attention,
because after the cusp It is the mesat important catastrophe for the
benavioural sclences. We shall (llustrate it by giving a falrly elaborate
application to a nervous disorder, anorexia nervosa,

What bBimodallty is to the cusp, so trimodality is to the butterfly,
‘We hawve seen how any evolution from unimedal to bimodal benaviour
detarmines (by the classification theorem) the unlgue 3-dlmensicnal
geometry of the cusp-catastrophe, with Its assoclated jumps, hysteresis
and divargance, etc, Similarly any &volution from unimodal to trimodal
benaviour determines the wnigue and muech richer S-dimensional® geometry
of tha butterfly-catastrophe, Since trimodality often emergas out of
bimodality, the natural way to analysa the butterfly (s to regard It as an

axtension of the cusp, as illustrated by the following axample.

Exarmple 8, Compromise apinion,

E‘upp-uuu tha cusp represents the polarisation over some issue (N
society; then the butterfly represents the emergence of a compromise
opinion, Feor instance in the example abowve of nation at war, public

support might be distributed as in Figure 15 (compare with Figure 3).

publie
support

dowe

Rl
compromise [

surrender rnagotiate attack

Figure 15. Tha emergence of compromise opinion.
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* Each axtra mode imvolves two more control factors, because it reguires
one more maximum and one more Minimum (see Figure 15) and so the
power of the leading term in the formula goes up by 2.
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The geomatry of the butterfly, There Is one state variable x, and

four contrel factors as follows

a : normal factor

b : splitting factor

¢ : bias factor

d : butterfly factor.
The benavicur lles on the "surface" M ln 5—dimensions given by the eguation

15 = n-l-bxl-i:xaﬁxa,
which is cbtained by differentiating the formula in Table 3 above. Since it
is Impeossible to draw S5—dimensional pictures we have to make do with 2- and
d=dimensicnal sectiors. The blfurcation set lles in the d4=dimensicnal control
space, and the top six pictures of Flgure 18 show 2-dimensional sections of
it parallel to the (a,b}plane for diffarent values of c,d. The top threas
plctures reafer to d < 0, When ¢ = 0 the sectlion reduces to the cusp that
we know already, Tha affect of the blas factor ¢ (s to bias tha position of
the cusp : when € < 0 the main body of ths cusp swings to the right wnile
the tlp of the cusp mowves up and bends over the left; when c > 0 the
opposita happens, Mesanwhile the effect of the bias upon the benawviour
surface M s to move [t up and down; this can be seen In the battemn
pictures (wil) and (viil) of Figura 18 which show 2-dimensicnal sections of M
drawn with control factor, a, horizontal and x vertical, for different values
of b,e,d. Meanwnile the effect of blas upon the 3-dimentional sections of M
is shown in Filgure 18(1) and (I}, which are draiwn with (a,0) horizontal and
% vartical, for different values of c,d.

Mow consider the effact of the butterfly factor d, Keeping ¢ = 0,

as d goes positive the cusp evolves inta three cusps, which form a
triangular "pocket", as shown In Figure 18(v). (Turning this picture upsida
down looks like a buttarfly, which originally suggested the name.) Mearnwhila
the behaviour surface develops two new folds abowe the sides of the pochket
a3 illustrated in Flgures 18(lx) and 20, Abawve tha pocket ltself iz a new
triangular sheet of stable behaviour, whnich has grown continuously forward
from the back, in between the upper and lower sheets at the fromt, This

mew shest represants the third benaviour mode, for instance the emergence
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1)) CHDY iy
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et el L]

43 ] (vl

d=Q

{wrli) (wili) (1=}

Figure 16. The butterfly catastrophe.

(i) = (vi)] Sections of the bifureation set {n the (a,b)-plema for
different values of c,d. The affact of the biae faotor ¢ is to
swing the cusp to and fro. The effect of tha butterfly fastor d
8 ¢o create tha posket,

(Wi} = iz) Sections of the bahaviowr sirface over the doshed paths
F,q;R. Tha effect of ¢ is move the surface wp and dowm. Tha

effect of d te to oreate a new sheet cbove the pocket, representing
the third mods. .
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of tha compromise cpinion in Example 8 above, Notice that in

Figure 16(lv) and (vi) the effect of tha bias or the pocket is to reduce ona
side or the other until it disappeara (by means of a swallowtail). Therefore
the effect of blas (a to destroy a compromise. In applications concerning
the emaergence of compromise, the butterfly factor will inerease with time;
at flrst the compromise (s fragile, in the sense that (ts stability (s broken
by amy perturbatlon across the nearby sides of the pockat; but as the pocket
grows In slze the compromise becomes strenger, In the serse of being

stable urder increasingly la.::;tu perturbations,

ISEN 0-201-08014-T, 0-201-03016-5 (phk.)



ISBN 0-201-08014-7, 0-201-09016-5 (phik.)

FPART TWO

AMOREX1A NMERWOSA

A.nqr-ux[a. is a nervous disarder suffered mainly by adolascent girls
and woung women, 0 whom dlating has degererated Into obsassive fasting.
It generally begins between the ages of 11 ard 17, although it can start as
early a3 9 or as late as 30, It can lead to severa malnutritlon, withdrawal
and ewvan death,

Tha proposed model g the joint work of the author and J. Hewvesi,
who s a psychotharapist specialising in anorexia, Hewvesl has spant Soma
5000 nours during the last 5 years talking to over 150 anorexics and the
model ls based on his close observations, OF these 150 over 80 agreed i
undertake his coursa of treatment, and of those treated he has achieved
an BO% success rate of cormplete cure, His lnnovation (s the use of
trance=tharapy, Tha Arnorexic Ald Society in Britain recently conducted a
survey of gvar 1000 arorexles, and the secretary of tha soclety,

Mrs, P, Hartley, who is a psychologist, writes : "[ flrst read of Mr, Hevesi
in several letters frem patients who resporded to my appeal for infermation
about anorexia nervosa, and their experience re. treatment. These patients
are the only ormes who claim that they have recoversd completely - i.e.

those whose attitude to life has changed since undergoing Hewesi's

treatment, They are not just eating properly (only the awful surface problem
amyway) but living a full life as a complete personality.” (her underlining).

The advantage of using mathematical language for a modal s that it
is psychologically neutral; it permits a conerent synthesis of a large
rumbar of chservations that would otherwise appear disconnected, and in
particular enables us to place the trance states in relation to other
behavioural modes. As yet the model Is only gqualitative, in the sense that
the predictions that have been wvarified by cbservation hawve been gualitative
rather than guantitative. MNeverthaless (t does provide & conceptual
framewsrk within which the theory could also be tested gquantitatively by
rmonitoring patients, Mearwhile we hope that it may rot only give a better
understanding of ancrexia and its esure, but also provide a prototype for

undarstanding othar types of benavioural discrder.
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A striking feature of ancrexia is that it sometimes develops a
gecond phase after about bwo yedrs, in which the wictim Fflnds harself
alternately fasting arnd secretly gorging; the medical name for this (s
bullmia, and anorexics often call it stuffing or bingeing. If we regard
tha normal person's rhythm of eating and satiety as a continuous smooth
cycle of unimodal behaviour, then we can interpret this secord phasa of
bimodal benaviour, as a catastrophic jumping between bwo abrormal
extremes. Tharefors by the main theorem we can modal the arorexics
benaviour by a cusp-catastrophe, ln whnich she (s trapped in a hysteresis

cycle, as In Flgure 17,

Figure 17. Inidial behaviowr modal for amorezia.

Bafore we begin to analyse the model, we can immediately draw one

important conclusion : the victim will be denied access to the normal modes

in between, This denial of access to normal meodes cccurs already during
the first phase of only fasting, Thus the main thrust of our approach

will be to explain anorexia rot as the complicated behaviour of a perverse
reurctic, but as the logical cutcome of a simple bifurcation in the underlying
brain dynamics. If this is the case then catastrophe theary at once

Indicates a theoretical cure : if we can induce a further bifurcation

according to the buttarfly catastrophe, then this should oper—up a Pew
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pathway back to normality, The practical problem is now to devise a
tharapy that will induce such a bifurcation, and this ls what Huuﬂi'ﬁ
tm!mm achisvas,

In Figure 17 we have chosen hunger and abnormality as the two
control factors (a,b). Hunger is the normal factor becauss hunger
normally governs the rhythmic cycls between eating and satiety; thers -are
various known methods for measuring hunger, but we do not yet know
which will be best to use for gquantitative testing, - We postpgre the
discussion on the measuremant of abnormality until later, Mearwnile to
measure the banaviour, x, It would be neceasary to find some paychological
index that correlates with the scale of wakeful states shown in Flgure 18, .*

somatic input denumanised (gressly animal}

disambeodied (sickly spiritual)

cerebal (nput

Figura 18. The z—gris measures both vakeful behaviowr, ond the
relative wetght given to the ceprsbal and somatic imputs
to tha limbie brain. The dotted line shows the bowndary
af cha sleep basin, and the arrous show the movemenc of
this boundory dus to anorexia, leaving fized the two
nodal points.

What actually governs the benaviour (s the urderlying braln state,
and if it I3 true, as Maclean suggests, that emoctlen and mood are
generated in the llmblc brain, then it {s llkely that x s measuring some
proparty of limbic states. ;Stn:a tha limbic brain receives both cerebal
lrputs from the neco=cortex, and somatlic inputs from the body, we might

conjecture that x {8 some measure of tha relative weight glven to those
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inputs as shewn In Flgure 18. Of course such a conjectures must remain
spaculative urtll It s confirmed or rejected by future brain research.
Mevertheless the conjecture has already proved useful ln explalning many
of the symptoms of anorexia, and, what is parnaps mora Important,
erabled us to ldentify what may ba tha key operative suggestions in the
therapy, as we shall ses. Mearwnlle tha conjectura Implies that the main
neuralogical featurs of ancrexia (s that during wakefulness the limbic
ﬁmin l= demirated eithar by cersbal irputs or by somatic Inputs, while
the balanced states have becoma unstable, and therefore inaccessibile.

Before leaving Figure 18 notice that it Is 2-dimensioral, From the
psychological point of view tha natural axes to use are x and y, which are
Inclined at 45° to the reurclogical axes; cerebal and somatic. Here x
measures the different wakeful states, while y measures tha difference
betwean wakefulness and sleep, and y exhiblts the famillar healthy
catastrophes of falllng asleep and waking up. For a more complete model
we cught really to use both the behaviour varlables x and vy, 5 controls,
and a 7-dimansicral catastrophe called E&. However this is beyvond the
scope of this article, and 20 for simplicity of presentation we shall
sacriflce v and use only x.

We now introduce a third control factor, ¢, which will play the role
of the bias factor in the butterfly catastrophe, Define ¢ to be loss of
salf-contreol, measured by loss of weight. Geometrically the affect of bias
Is to swing the cusp to and fro as in Figure 18(1) and (lii). The resulting
effect on the behaviour surface is shown In Figure 19.

During the first phase of the disorder the anorexic is flrmily in
control of nerself, and so ¢ < 0 as in Figure 1%1). The normal person
hag learnt to perform the regular smooth cycle at the back, soclally
structured by mealtimes, The anorexic however finds herself trapped
on the lower sheat at tha front by the abnormalibty; in other words the
limbic brain oscillates continuously in states underlying a fasting frame
of mird all the time sha is awaks, aven when she goes through the
motions of eating. The frame of mind is predomirantly carebal, and thae

victims often speak in terms of “purity™; it tends to smother Instincts

— 1
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{1} Anorexia flrat phase (c<0). {1} Anorexia second phasa {(c>0).

catastropha
catastrophe l

purg!
hysteresis cycle
a |

M

ubnnmﬂnlityb B abnnrmnlttyb
aroraxle E;:li arm:u"l-:-nt"gr cycle
(i) Mormal parson (b<0). (Iv) Anoreaxic (B>0),.
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Figure 18, The effeat of the bias factor, ¢.

(i) Anorexia first phase (c<0). Stromg self-comtrol swings the cusp to the
right, and abnormality displaces the normal cycle into fasting,

(i) Anerezta second phase (e>C). Loes of salf-control swings ths cusp to
the lafe, cauzing the mwresie to jump into the patastrophic hystaresza
cycle of alternately gorging and purging.

{iid) Wormgl pereon (b<0), Changes fn bias modify the behaviowur slightly.
fiv) Anorezie (b>0). Changes in bias modify the behaviour dramatieally.
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ard produce excessive werbalisation. Ouring the flrst phase victims often
dany baing ill, and refuse treatrment. '

Then as the anorexic gradually loses weight, she gradually losas
contral of herself; the bias factor ¢ gradually increases, causing the cusp
to swing gradually to the left, as in Figure 18(ili) ard 1&1i). How far
the cusp will evenmally swing in relation to the cycle will depend upon the
individual, IFf it swings sufficiently far for the rignt=hand side of the cusp
to cross the right-hand end of the cycle, then this will cause the sudden
onset of the second phase, For now, (nstead of being trapped in tha
smooth fasting cycle on the lower sheet, the wvictim finds herself trapped
in the hystaresis cycle, jumping between the upper and lower sheets, The
catastrophic Jump from fasting to gorging occurs when she "lets go" : In
the wvictim's own language, she watches helplessily as the apparent "monster
inside nerself takes gver, and devours food for sewveral hours., Some
victims wvomit and gorge again, repeatedly., The catastrophic jump back
goccurs when exnaustion, disgust and humillation sweep over her, and she
raturns to fasting for a day or several days. Some anorexics refer to this
as the "knock=gut™., At each of the two catastrophes the limbic brain jumps
from cme set of states ta the other, denying e vietim access to thhe normal
states between. Some anorexics even ritualise the catastrophes., The
hysteresis cycle cam be ruch longer than the previous cycle, because the
aftar—affects of the gorge tend to prolong the fasting perisd.

Figures 18(ili)ard (iv) show how tha different cycles fit onto the
sections of the surface that were illustrated in Figures 18{vii) and Cwiil),
Motice that wa nawve labellad the fasting pericd of the nysteresis cycle as
"purging”; this is because it gcocurs at a different value of x ta the "pure"
fasting of the flrst phrase. Indead tha bwo limble states urndarlle quite
different frames of mind; fasting is cerebally dominaced, not allowing focd
to enter, while purging has the somatic element of getting rigd of bodily
contagion.,

It iz mat kPown what proportion of anorexics switch inte the second
phase. Sometimes the switch gocurs after a hospital treatment with drugs
that are used to persuade the starving first phase anorexic to eat. If the

effect of such drugs s to reduce cerebal inputs to the |imbic brain in
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favour of somatic inputs, which la consistent with cbserved side—effacts,
than the drugs would be reinforcing the blas ard therefore causing the
switch., Thus the long=term harm caused by the usa of such drugs may
be greatar than the short-term benefits,

Mow we come to the cure. The strategic protlem (8 how to persuade
the anorexic to rellnguish her abnormal attitudes, but this cannct be done

directly. Therafora the practical preblern (s how to break the vicicus

/7 N

abnarmal abnormal
attisudes banavicur

k tnsscurity )

The idea is to break In at the behavioural cormer, by creating a third

circle :

abnormal bahawviour moda, during which the insecurity can ba treated
with reassurance., 'We will later show how this In turn causes a
catastrophic collapse of the abnormal attitudes,

The new behaviour mode must lie between the abnormal extremeas (f
it iz going o provide a context within wnich reassurancea can be affactive,
Therefore the butterfly catastrophe in Figure 20 tells us the geometric
relationsnip that this moda must have (l.a. the dyramic relationship that
the underlying brain states must hawve) in relationship to the existing
modas,

Mearmwhile Flgure 18 shows that we must look _Far- such a moade in
the twillght zone between waking and sleeping for the following reasons.
In the huge dymamical systern modelling the llmbic states of a heaithy g
parson,sleep ls an attractor (l.e. a :.t-u:b‘lﬁ ascillation) with a stable -
boundary to [ts basin of attraction, separating it fromn wakefulnass, In
Figure 18 we have symbolically Indicated the boundary by a dotted lina,

In the ancrexic the boundary becomes fuzzy because the basin i3 being
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shifted, as indicated by the arrows; perlferally the basin is being
eroded by tha lncreasing stabiliby of the abrorrmal estremes, while In
between it is being enlarged by the decreasing stabillty of the balanced
states. Thess changes cause the sleeplng pattarns to ba disturbed : sleep
iz fragmented, shifted around and edges of the fragments bacome fuzzy;
the anorexic goes to bed late, wakes at night, slaeps Lllttla, flnd harself
lounging about tn her night clothes. Moreowver, for axactly tha same
mathamatical reason that termporary lakes somaetimes appear on the
bouvndaries of river basins nanlr- the nodal points in between erosion and
growth, so fragile attractors may appear 8t the boundary of tha sleep
basin, particularly rmear the two nodal nqilm:s marked in Figure 15._
Therefare the anorexic finds harself spontamecusly falling lnto fragile
trance-like states, i{n the twilight zone between waking lr;d sleeping,
between dreaming and percelving. .Af tha somatic node thase trance=llke
states are fllled with thoughts about foed, and lists of food, whnile at the
carabal rode they are shot through with schemes and plans how to get
through the day, how to manage social occasions and avoid set mealtimes,
thelr preparation and aftermaths, shopping, cooking and washing up.

It iz these confused tramce—ilke states that are utilised by the

therapist; therapy builds upon maturally occuring processes, Hewvesi's

treatment consists of about 20 sessions of trance=tharapy over a period
of 8 to B weeks, each lasting 2 to 3 hours. When the sufferer asks for
halp, the therapist begins by pushing aside the inconclusive and confusing
cgntents of these states, pushing them away in their respective directions
%0 as to create a new more balanced trance. Because of the state of the
sufferar gquite casual remarks can carry the force of suggestions, and
thus the operative suggestions are actually made guite marginaily, almost
incidentally . Flestly a casual but filrm announcement (s made at the
baginnirg (and adhered to 'I:"If'ﬂl.-lg'blﬂut tha treatmnent) such as "I don't care
what you eat —-we are not going to talk about eating or food", because
this reduces the somatic imput. ISemndly aftar the formal step of going
into the trance, a suggestion is made such as "Let you mind drift = don't

think = look", because thls reduces the cerebal imput,
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Thus the patients mind ls cleared of both food and scheming, ard
s free to look at itself., By contrast when she i3 fasting she is locking
all the time at the cuter world with anxlaty, and when she ls gorging she
ls gvarwhelmad by this sama world, but during trance she (s cut—-off and
laolated. By suspending the threats, tha rulas, the resistance and Hha :
hunger the trance glves temporary freedorm from anxieby, She ls able to
leok at the products of her own mind, and contermplate lts lmages and
memories. [n this state she is cpen to reassurance, and, more Importantly,

abla to work out her own reassurance.

Tha more tha patient practises Etrance, the easler (t becomeas;
reinforcemeant causes an [norease in stability of the new attractor, and an
anlargament of its basin of attraction. The trance states begln to ermerge
as the new middle sheet of Figure 20{l). Therefore we introduce the last
contral factor, d, as reassurance, measured by tlme urder trance.

Summarising the four control factors :

a : rnormal factor @ hungar,

b : splitting factor : abrormality, (measurement discussed below),
¢ : bias factor : loss of self-control, measured by loss of weight,
d : butterfly factor : reassurance, measured by time under trance,

Going into trance (5 a catastrophic jump from the lower shest
(because therapy usually takes place during the fasting part of the cycla)
onto the middle sheet. Tharefora the patient tends to fall into trance.
What cauges thiz jump? In fact the jurip has bwo components, a relativaly
small are In the x=dlrectlon, and a larger cne in the y=direction towards
sleep, which (s the second behavicural variable of Figure 18 that wa have
ormitted from Flgure 20 for simpllcity. And (& {5 not caused by a
reduction in the abmormallty, b, but by an increase n drowsiness, which
is the fifth control factor, again omitted for the same reason; this is the
only point where the aimplicifation has caused a slight geometrical
Imaccuracy in our pictures,

Caming out of tha trance i arnother catastrophe, and causes the
reverse jump back onto the lower or upper sheet, deperding upon whether
the left or right side of the pocket is crossed, as shown in Flgura 20(1U).
Tha patients confl.n'ln that when they awaka from the flrst faw trancae
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5ot o : gorging

fasting

hunger, a_ .

ochket

abrormality, b

i)

1 let=go

knock=out

-
hunger, a

Figure 0. Tha effeat of tha butterfly factor, d>0.

(] &hen therepy starte tha tromee atatas appear as a new trimgular sheat
of atable behawviowr over the pookat (eee Figure ld(v)) in between the
upper and lower sheets. The now sheet ogpens up a pathuey back to
normality.

(L) The trance states sit inatds the hystaresis cyela; fnitdally thay
are fragile, and coming cut of trance ts a catastrophic jump ints
¢ither a fasting or a gorging frame of mind, (Sea FPigure 18(iz)).
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sessions they find thermselves sometimes in a fasting and sometimes in a
gorging frame of mind, B

We now come to what happens during the trance. As the therapy
progresses Hevesi's patients report that they experience threes phanomena,
of which the third Is observable from the ocutside. Of coursa what the
mind sees [n trance (bt has put thare, and interpreted in it own fasnhion,
even though the lln'lu.gu.'.l will naturally ba made according to past
axpariance, and the feelings will be such as are stored up from the past.
The esxperience in trance may ba compared to the steps ln which an actor
approaches a role. The flrst step (s to envisagas the part In a few simple
strokes or characteristics; the second ls to hear the llnes the character is
allotted to speak (say in a flrst reading through of tha script); the third
is to get into the part and play (t, to act (n front of an audience.

Tha flrst phenomencon s an axparienca of herself as a double
parsoraility; one persorality is usually dascribed as the “real self” and the
other s called various mames by different patientas such as "the little one,
tha lmp, the demon, the powers, the spirit, tha soles" or marsly "it7,
Possibly the suggestion by the therapist to look rather than to think may
prepare the way for the appearance of "persons”, but usually the lattar
appear by themselves, and we shall argue below that the patient is in fact
giving a logieal deseription of herself, [t i3 the wvoice, or however she
describes It, who is apparently issulng the prohibitions over food : "Tha
little one says [ musn't eat”. Typically the first appearance may occur
about the third session : "['va got a WECI",- and then perhaps a coupla
of sessions latar "This i3 the flrst tima the voice has spoken In publle”.

The secord phenomanon (s an apparent transfer of important messages
between the bwo parsonalities, such as the real self promising to "pay
attention" to the little one, reassuring the little one that she "will not be
forgotten”, whnila tha |attar in return agrees to relax the pronibitions,
Sometimas the Little one is symbolically given a gift, such as a teddy-bear
that she once longed for nrdrmvtr gokt.

The third phenomenon is a "reconcillation” gr "union" or "fusion"
of the two personalities, a "welcome possession” as opposed to the
eariler malignant possession., Typically "She ls coming out", or "She

w
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is very near tha front", and then "The wolce just seems to be part of
myself™, Thls third phancmencn (8 accompanied by a4 manifasmation that
can ba witnessed by the therapist, such as speaking with a :Emngg walce,
arnd usually happens after about btwo wesks [n arcund the seventh sesslon,
{depending of course upon the individual), When the patient awakens from
this particular trance, sha discovers that sha has regalned access to
normal states, and ia able to eat again without fear of gorging; she speaks
of this moment as a "rebirth™, Therafora during this trance the cure has
taken placa, a catastrophic drop (n the abnormallty, b, which we shall
explain In a momeant, Thua the tranca States have opamed Up 4 path in the
dymamica of the brain back to normallty, indicated by thea arrcws in

Figura 20(1). Subsaguent tranca sassions re—snact the reconcilitation in
order to reinforce normal states and buffer them agutﬁsl: the stresses of
everyday life. At the sama time the trance tet:hnlqua.la itself reinforced,
S0 23 to provide a rellabls method of self-cure, should tha patient ever
need to use [t agaln at a later datas,

Havirng dealt with e behavioural point of view, wea now turn to the
heart of the problem @ What ::a.u:es ancrexia? ‘Why can most slimmers
diet without becoming anorexic? Why is there such a slow insidious
apparently trre:uqr:l-ihla escalation of the dlsordar? How can we measurs
the abnorrmality, b7 ‘Whny (3 the resulting neurosis/psychosis so rigid?
How can there possibly be such a dramatically sudden cure?

We snall add one more cusp catastrophe to the model that will
answer all these guestions except the flrst., The reason that it cannot answer
tha first Is that the model refers to what can be cbserved, whareas the
original causes are probably hidden much earlier in childhood. We can
offer an analogy, which may give some insight, but {3 mot strictly part of
the modal, The metaphor i3 to describe anorexia as an "allergy to food")
of course it s not an allergy, but it does snow some gqualitles similar
to those of an immunae systermn being set-up, switched=on, and Inducing
exposurea=sensitivity, Tha origin of anorexia may occur in early childhood,
when, perhaps for want of love or due to the (nablility to obtain the
attention that {t needa, the child ratires (nto lts snell; In other words he
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perscnallty sets up an lmmunity against disappointment by turning Imsards,
and leaving the shall to act out the game of llfe, This Immunity works
well enough untll the shell begins to grow and get cut of hard, when tha
encapsulated core of the perscnality finds that It can no longer managa,
It is then that the anorexia (s switched-on, instinctively identifying food
as the cause of growth, This may be why arorexia so often begins at the
onset of pub-er‘ty: or after a period of obesity, From now on tha wvictim
ls exposure—sensitive ko food, and belng presented with food raisas
deep=seated anxietles, The logical reaction iz to avold stressful situations,
ard so the core begins to issua prohibitions to the snell concerning food.
Conseguently tha victim begins to feel an urge to aveld food, which sha
cannat explaln whern she attarmpts to explaln it she tries to capture (R
words somes guality of the urge : g.g. "the little cne" is a recognition of
It origing in childhood, "the [Mmp" describes It bad gquallty, "the volsa™
itz unidentiflableneas. Usually such attempts are met with diabelief, and
she agon Stopa trying to explain,

Qur metaphor breaks down when the ancorexia begins to escalate,
Thia cam be cbserved, and so can be put into the modal, asz follows.,
Increasing insecurity is cbserved, associated with a gradual escalation of
abnormalitiesa gwvar food. A typical ascalatlion might [ncluda the following
stages, but of course esach ancrexic will differ in the details of her own

particular escalation.

turmrmy—aches at scnoaol

give up carbohydrates

escalating give up cooked meat

I :
.0 slaboration of dlet (weight watching, calorie counting)

i
i sxcagsive dliet (a.g, only chaese, pearuts, black tea)

owver
fonad

axcassiva activity
deception (&.g. secret purging aftar sach meal)
manipulation (of rest of family)

racturnal eating only

B v "l don't need to eat"
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The important cbservations for our purpose ara (1) there is an
escalation of stages; (Il) at each stage a bimodal attitude (s possible, normal
ar aonormal; (Ili) when the ancrexic reaches esach stage, she will already
have adepted abrormal attitudes towards all the previous stages, but as vyeb
maintaing normal attitudes towards the subsegquent stages; (lv) lnereasing
inzecurity |8 associated with the escalation. Interpreting these facts
génmﬂr'-{cnl.ly gives the graph in Flgure 21(1) showing the normallty of
attitude as a fumction of insecurity level, |, and abrnorrmality stage, b,

Abnorrmal attitudes begin at stage b when nsecurity has reached leval,

n?

’-D- By the time [nsecurity has reached level I, the anorexic will have

adopted abnormal attitudes towards stages up to b, , but will so far hawve

1 L]

rmaintained normal attitudes towards stages bevond bi" Thus & measures the

1
level of abnormality., Then, as the lnsecurity increases, so does the
abnormality, following the curve |n the horizental plane, eorfirming that

the onset of ancrexia iz a contlnual escalation by a succassion of little
catastrophes, llttle changes of attitude. Moreover as the disorder deepens,
the Individual catastrophes becorme bigger, and the attitudes towards

eariler stages more abrormal (carbohydrates are at first avoided, and

later feared),

Wa now appeal to the main thesrem. The stability of memary and
habit implies the existence of an implicit dynamic that holds the attitudes
stably on the graphn. The existence of a dynamic allows us to deduce hat
the graph s part of a cusp :amtrﬁphc, The right branch of the cusp marks
the polnts where the stabllity of normal attlitudes breaks down, and tha
attitude switches to abrormal, causing the gradual escalation of the
disorder, while the [eft branch marks the points where the stabiliby of
abnorral attitudes breaks down, and the attitude switches back to mormal,
Thus the left branch (whose existence is a conmsequence of the theogrerm )
predicts the possibility of a completa cura,

Tha left branch also explains why the disorder is rigid and saemingly
irreversibla, as follows., Suppose that after reaching 11 the insecurity
level drops again. Then the abnormallby will not drop, but will stay fixed
at b1 urtll the insecurity mas dropped to I2 {whera lﬂ is given by the
intersection of the line b = h,l with tha left branch), because all the abnormal
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Figura 21. Abmormal otoreric attifudes.

(L) The graph showing the escalation of aioreria by a succassion of Iitzls
individusl cgtastrephes, ar abnormal attitudess are adopted towvards eash
atage. :

(i) The graph embeddad in a cusp-catastropha, The left branch of the cusp
tndfoqtas how far the {nsscurity muat ba redused in order to affect a
curd.
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attituces will be held stably on tha lower shaat, up to the boundary of that
shest., Then, as the {nsecurity drogs from l2 to i, thara is a sudden

— |
‘rush of attitudes switching back ta ncrmal, along tha left branch of the

cusp.

Motice that the worse tha anorexia ls, the more rigid and irreversitle
lt_ Is, because as b, increases, so does the length of the Interval 11-12,
and hence the greater the reduction in insecurity that must be achleved
before any impravermnent can take place, The model also explaing why
reassning with the vietim about Rer éating hablts may be worse then
useless, becausa it can only reinforce her imsecurity and cannct change
her attltudes; what (s peeded Is the more fundamental reassurance about
the source of insecurity. But the anorexic s not cpen to such reassuranmce
while she |s cbsessed with, and transparently aware of, her abnormal
behaviour, Hence tha utllisation of the trance statas, In ordar o glve a
termporary freedom from that obsession and awareness, Flgure a2z,
which is deduced from Flgure 21, shows how the therapist under these
conditions can, by gently reducing the insecurity, trigger a dramatically
swift catastrophic cure. Figure 22 also illustrates the differencs babween
slimming and anorexia, showing how a guantitative difference In the initial
ingecurity can lead to a gualitative difference in the eventual outcomea that
will erable the slimmer to achleve har slimness without danger, but
pravents the anorexic from escaplng from her prison without nelp.

We have used the word "cure" in the sense of the fundamental change
of attitude to life, referred to in the wvary revealing testimany of
Mrs. Hartley guoted at the beginning; the actual physical recovery from the
accompanying malnutrition and amerorrhoea will then follaw maturally owver
the next faw months. It is doubtful If this type of cure could be achiewved
whille administering drugs that disrupt carabal activity, becausa the
recapturing of the whole delicate retwork of normal attitudes must
depend not only upon reassurance, but also upon rarmessing the full power
of the cerebal faculties rather than suppressing them,

Cne of the most interesting points made By Paul Maclean is that the
limeie brain is non—verbal, belng phylogenetically equivalent to the braln
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Figure 22. Comparisom batween slisming aid owreria.

(£) The glimmer, anzicus about her sise, reaches insecurity threshold iy at
tima tos md tharefore begins to dige with regime by reashes mazimum
ingecurity T, at time t), and therefore stabilises diseting regime at
gtrictnass laval bl; ft‘.udt, as dieting suceeds, that insecurity drops to
the eritical level iy by time ¢;, and therefore rapidly relaces her
dieting regime; finds that {nsecurity drops ta threshold 19 by t3, and
therefore gives up dieting.

{if) The anoreczic begina the same, ercept that due to deep-seatad azistics

reachas g muoh higher morimm {nsecurity 1), causing her abnormality

to davelop and stabilise at level b; is prevented from reducing har
{nsecurity to the oritical level 1, by cthe feedback from ths abnormai
bahaviour forced on her by the anorerta, and therefore remaing locked
in the discrder; begins therapy at time iy, which, by reassurance during
tranes, reduses the {nsecurtty to the eritical level iy by &3, theraby
affecting the catastrophic cure by ty.
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of a lower mammal. Therefore the problemn of describing its activity in
ordinary language is like trying to describe the conversation of a harse;
no wonder anorexics have difficulty in explaining their symptoms. The
patient can perceive that certain subsets of states are connacted, and have

boundaries, and so for her the most logical appreoacn iz to ldentify those

Figure £3. A painting by an onworesic of the tasks whe sew ahead of
her in life (reproduced with permicsion of 4.5. Crispl.

subsets as "dissociated subpersonalities", and give them rmames, In the
model these subsets are reprasented by the different sheats, and the
structural relation between them is defined by the unigue geometry of the
catastrophne surfaces. Tharefore we may identify those shaets with the
patignt's descriptions of her subperscnalities, For example the upper
sneet of Figure 17 is often called the "monster within®, and the lower
sheet the “thin beautiful self', When she goes into trance the reducticn
of sensory input causes a shift in focus, from the closa-up to tha
long=distance, from the immediacy of maod and behavieur to the long-term
perspective of persormality and insight, In terms of the model thera (s a

snift from the parceptlon of the states representad by the sheets of
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Flgure 17 to those of Flgure 21, Tharefore the "monster” and "thin self"
recede in importance, and are replaced by the "real self and the "little
one” corresponding to the normal and abnormal sheets of Figure 21, More
pracisely it s the dynamic holding the attitudes stably on the abnormal
:n-c.tl that Is dimly perceived and Interpreted as "prohibitiona™ by the volce
or as "malignant possession® by the little one. The "reconcillation" refers
ta the left branch ::;f the cusp, which marks tha boundary of tha abrmormal
gheet, whnere the stabillty breaks down and the catastrophic cure takes
place, Thus the apparent nonsense spoken by some pat.lunl.s makes
parfectly good sansa within the framework of a complete model.

Finally comes the guestion of how the model can be tested
scientifically, It already satisfles Thom's criterion for science, because
by its :::;harunl.: syntnesis it reduces the arbitrariness of &unriptinn.
Furthermare it has survived a number of gualitative experiments between
myself and Hevesi of the following mature, From the mathernatics | would
make seme prediction, or get depressed about some failing of the model,
and then when we next met Hevesi could confirm the predictlon, or conflrm
that what | had thougnt to be a failing was in fact another correct -
prediction. Let me give some examples, The mathematics predicted
the location of the trance state as tha middla sheet of the butterfly.
However at one stage [ thougnt the model had falled because blas destroys
the middle snheet, as can be saen from Figures 18(1w) and (vi}, meaning
that for those patients the trance was not accessible, but to my surprise
Hewvas! revealed that he found wvery conflrmed fasters or wvery conflrmed
bingars more difflcult to cure, Another prediction of the mathamatics
was the qualitative difference between the "fasting™ and "purging” frames
of mind, illustrated in Flgure 1%iv); the correctrness of this prediction
concerning the operation of the blas factor gave further evidence in favour
of using the butterfly catastropha.

Pernaps gur maost striking expariment concermed the finding of the
cparative suggestions. Hevesi says that the trance is not 1lka hypnn,-:m,
because the therapist does not attempt to control the patient. [ was
curious to know what ha acl:ual-ty did during the trance, but whan [ askad
him ne maintalned that he did not do very much. Mearnwhile the mathematics
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wWas tmin'ting that we ought to look at the underlying naurclogy as well as
the psychology, even If anly implicitly, in order to locate the dymamie;
consequently we formulated the conjecturs about Irputs to the llmble Brain

In terms of MacLean's theories. It was only then, after watching himself

with new eyes, that Hevesi was able ta lay his flnger on the operative
suggestions that were reducing those irputs. Thus the model facilltated
the communication of the therapeutic tecnhnigua,

To test the meodel gquantitatively would requira monitoring a patient
in different states; the prediction would be that the psychalogical data would
give catastrophe surfaces dlﬁ-nmur'nnlc to those extracted from tha
dccompanying neurclogical and physiclogical data, with the same bifurcation
set. Different patients would have diffecrmorphic bifurcation sata, ar'_pam
of them diffesmorphic,
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FART THREE

ILLUSTRATIONS [N PHYSICS.

éﬁmnle 10. Liguid/gas phase transiticn.

critical point

superevaporated — o)

llquid {a.-

bell }

MR supersaturated gas

termperature pressure

Maxwell line

Figure 24, Temperature oid pressure are conflicting factors
controlling density.

‘“Van der Waals' squation for phasa transition is a cusp catastrophe
surface, with temperature and pressure as conflicting factors controlling
density., Tha upper and lower shaets represent the bwo phases of llguid
arnd gas, whila the bwo catmastrophes represant the transitions of boiling
and condensation, By going round tha top of the cusp ona can go from
liguid to gas contlruously. Since the controls are averaglng devicas,
both catastrophes normally occur at tha same temparaturse, on a line in
tha middle of the cusp given by Maxwell's convention., Howawver both
catastrophes can be dalayed in tha metastable states of superevaporated

liquid or supersaturated gas., For lnstance clean water at atmospneric
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pressure can be gently heated beyond 200” before boiling, and when it does
boil it explodes catastrophically with a ssurd like a platol shot., The
metastable states are sxploited by nigh erergy prryui.;:isu in the bubble

arnd cloud chambers, Since dernsity is an averaging dewvica, the shape

of the surface wvery near the critlcal paint is slightly distorted.

Exarmmple 11, Light caustics,

Lignt caustics are the bright geomatric pattearmns created by reflected
or refracted lignt., A ramili'a-ur- example 18 the cusp appearing on a cup
of coffee in brignt sunlight, caused by reflection of the sun's rays off
the inside of the cup, as in Figure 25(0).

i) e

e . .
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Figure 25. Tha coustis on a cup of coffee, caused by the
fun's rays reflected off the inside of the cup,
18 @ cusp-catastropha.

Looking down on the cup frem above, Flgure 2%1i) shows that the vertical
glanes containing the sun's rays, after they have been reflected, anvelop a
wvartical surface with cusp-shaped horizontal cross-section, which is called
the caustic., Since the planes all touch the caustic here 18 a concentration
of photons near the caustic {on Its corvex side), but of coursa thesa photons
are invisible to tha eye, becausa each is travelling along its appointad routa,
We can only see them if we place a serean in the way = in this case the
screen Is the surface of the coffes; them the concentrstisn of photons

hitting the screen will be scattered ints our &y%, causing the cusp=-shaped

saction of the cawustic to appear brignt, with a sharp edge on the concave
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side and soft sdge on the cormvex slde.

Ancther famillar caustic is the rainbow. Here sach water droplet
refracts and reflects the suns rays to form a caustic surface approximately
cone-shapad, with radial angle becseen 40° and 42%°, The angle depands
upgn the wawve langth, so that {n fact each droplet produces a co—axial
family of differently coloured causties cones, Thosa drops whosa caustics

happen to maset our ayes produce the ralnbow,

caustic
cors

caustic

Figure 26. The rainbou i# omused by a spectrum of colowred
caustis cones prodused by each droplec, each coma
being a fold-catastrophse,

Catastrophe theory applies to lignt caustics because lignt cbeyvs a
variational principle : by Farmat's princigle the light rays travel along
geodesics. Let C be a 3=dimensional neighbourtood of a caustic, and
lat X Be a 2-dimensional surface mormal .l:a the Incident raya. Each point
% in X detarmines a ray Gx in C, and thﬁluniﬂn of all these rays, _
parametrised by X, forms a 3-dimensional manifold.

M = [fe,<%x c € Gx]- cCox X

Since all the rays leave X normally, M s given by 3f/dx = Q, wnere
ffe,x) ia the geocdasic distance from x o ¢, Tha intensity of light in

a volume element dC of C s proportional to dM/ /e, where dM s the
voluma of tha lrverse lmage of dC wrder the projaction M = C, The
caustic ls whnere this intensity (3 greatest, namely on the bifurcation

sat, Tharefore stable caustics are stable bifurcation sats, in other

words elementary catastrophes. Therefore the classification theorem gives

tha new result (n geometric optles : the only stabla singularities a caustic
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The caustics cbtained by reflecting a point source of
light im g parabolic mirror or to & screen. Tha three
pietures correspond to three different positions of the
scresrn; and Lliuscrare thiree seetions of the Bifurcation
get of a myperboiie wmbilic catastrophe. The eatastrophe
point is tne top-left of the middie seezion. The top
feciton shous g cusy tnotide a smooth fold curve; as the
sections pass through the catostrophe poinz, the cusp
ierces the curve and s itself transformed tnro a smooth
Surve on tae ousside, while the curve iz transformed into
a ouSP on the instide (aee Figure 13(bJ)). The fainc
repeates image s an grvifact, due to o subsidiary
reflection From the fromt surface of the mirror.
Photograph £y Warvich Universizy Library Photographiec
Eerutees.
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(a)

(e)

Figure 28. (al) Caustics obtained by
refracting a losar bagm tn doubly
perindie freosted glass. The interference
pattearms merge into Airy patierms on the
fold lines of the coustie, and inro
Pearcey patterms at the cusp points.

(b} Detail nAdar a cusp, showing
quantigation of diffraccion spozs.

{2) Computer calculation of tntensity
levala of Peareey pattern.

Photographa by Mishaal Berry.

(el
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can have, besides cusped edges, are the threa typas of singular point
shown in Flgure 13, te swallowtail and the elliptic ard hyperbolic -
umbilles, This discovery of Thom's about caustics was one of the reasans
that stimulated nim to davelop catastrophe theory,

The sections of a hypercolic umbilic catastrophe {llustrated In
Flgure 27 were obtained by shining & tarch in an old searchl lght mirrar,
The other two bypes of singular point can be obtained using cylindrical
and spherical l.snrslaa.. such as- beakers and slectric light bulbs Flllad with
water., Different sections rear a singular point can be exploreg by moving
tha screen or l:ha_ light. ] )

The photcgraphs of Michael Berry in Filgure 28 wers obtained by
refracting a ln:.:-.er- bearm In frosted glass. Since the frosting was perisdis
in two directlions tha global pletura Iz e projactlion of a torus In the
plane (each little sguare of frosting IS projected onto the whole pictura),
Each cormer is a section of a hyperbalie umbllle. To analysa the flre
ISII""Udh.IP'E of Interfarence patterns merging in Alry and Pearcey patterns
on the caustic, It (8 necessary to pass from geamatric optlcs the more
delicate wave optles. Serry uses tha froscad glass as an optical analogue

fo study the scattering of beams of particles from a solid surface.

Example 12.' Euler buckling,

Figure 29 shows a norizontal elastic strut subjected to a vertical
load 2 ard & horizontal compression b, (For an easy experiment hold a
1" = a" strip of thin cardboard between the thumb and farefingar,)

@

Pigura 23. A fres slastioc strut wider load a, and compression b.
Tha resulting vertical displacsment is z,
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Wa measure the vertical displacemsane of the strut by tha first harmonie x
(f.e. the flrst Fouriar coefficient), Then x sarisfies a CUSH catastrophe

with normal factor (=2) and splitting factor b, Buckling occurs at the

Pigure 30. In the free strut the load a fs the normal factor, and
compression b the spliiting factor, eoncrokbling the
first haymomia, = . The dottad path shows the strut (1)
corpressed (2) buckling (2) loaded and [4) snapping.

CUSp point, which Euler showed was 2 =0, b = wEUF, whnere ! = legngth
and A = modulus of slasticity. The dotted path in Figura 20 shows tha
strut (1) remaining straignt under inereasing compression (2) buckling
upwards (3) supparting an increasing load until (4) it snaps dowrwards,

Mow suppose that the ends of the strut are flxed, o that in an
unloaded state It Is buckled at height x. Put on tha lcad 4, offset from
the centre by a distance c (to simulate a mmanufacturing imperfection ) and
meéasura the displacermant now by the seconrdg harmenic y (ses Flgure a1).
The second harmonic can be seen easily with the strip of cardboard, ar
more dramatically in the western arch of Clare College bridge, Cambridga,
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(o Ciy

- ._r
shack” wave

Pigure 33. (i) Propagation of the {nitial data along tha charasteristics
of the partial differenticl equarion gives a eusp eatcetrepha.
(1) Physically only one solution {s posathls, and 50 a shook
wave kas ro develop, whose speed is determined by the
congervation law. :

Exarmple 14. Farced rorn-linear oscillations,

Forced zscillations can be modelled by Duffing's equation
Rrwk+n+ ool = F cos (&,

whera k > 0 s a small damping term, @ a small nan-linear term
[c--% for a simple pendulum), and Feosilt is a small pericdic farcing
term with freguency [l close to 1, the freguency of the llnear oscillator.
The amplitude & of the resulting oscillation deperds upan the parametars,
and Figure 34 smews the graph of A as a function of @ ard {0 (meeping k
and F fixed}, Thare are two cusp-catastrophes with &, 0 as conflicting
factors, At each cusp the uppeér and lower sheets represant attractors
(stable periodic solutions) while the middle sheet represents saddlas
(unstable pericdic selutions). IFf tha fraguency of the forcing term s
gradually changed so as to cross one of the cusp lines, going from
the inside to the outside of the cusp, then the amplitude A will exhibit
a catastrophic jump. There will alsc be a sudden phase=shift at the
samae ﬁmm
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Pigure 34, The cscillation of a forevd non-linear oscillator bifurcates
adcoprding to the cusp-eatastropha.
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